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ABSTRACT 
 
 

This dissertation comprehensively studies diverse cooperative and noncooperative 

amplify-and-forward (AF) multiple-input multiple-output (MIMO) wireless relay networks. 

Various gain matrices and vectors, such as relay amplifying matrices and beamforming vectors, 

are determined by using diverse criterions, such as minimum mean square error (MMSE), 

maximum signal-to-noise ratio (SNR),  zero-forcing (ZF), and achievable rate (AR). In addition, 

multiple power constraints are considered in the optimization problems during data transmission. 

Moreover, both certain and uncertain channel state information (CSI) are considered as well. In 

particular, both one- and two-way AF MIMO relay networks are studied.  

Furthermore, by adopting the derived optimum gain matrices and vectors, cost functions 

(CFs), total transmitted relay power, total signal component power (SCP) at the destinations, 

ARs, and equalizers at the destinations are compared to each other for different cases. In 

particular, the minimization MSE CF criterion for the efficient relay selection scheme is 

proposed in this dissertation. This work also shows the relationship between the mutual 

information (MI) in nats and the MMSE with unit power of the transmitted signal for one- and 

two-way AF relay networks. Finally, this dissertation verifies the analytical results through 

MMSE, bit error rate (BER), and AR simulations of both optimum one-way and two-way 

distributed AF wireless relay networks. 
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CHAPTER 1 
 

INTRODUCTION 
 
 

 To take advantage of spatial diversity during data transmission, multiple-input multiple-

output (MIMO) antenna systems were studied without a relay between a transmitter (source) and 

receiver (destination) in wireless networks [1]. Over the past decades, diverse MIMO wireless 

strategies with relays have been studied extensively in an effort to extend the propagation rate, 

accomplish high throughput, improve spectral efficiency, increase the AR, provide reliable 

communication, in particular, and meet wireless network users’ demand [2–12], which are 

mainly considered throughout this dissertation. 

1.1 Wireless Relay Network 

 A simple MIMO wireless relay network can consist of a single multi-antenna source-

destination pair and one multi-antenna relay, called a general (or nondistributed) MIMO 

wireless relay network in [2–7]. The relays are allowed to have different complexity than sources 

and destinations. For example, the number of relay antennas can be different from the number of 

source and destination antennas. Since the MIMO wireless relay system can simultaneously 

transmit multiple independent data over the same physical channel, spatial multiplexing can be 

accomplished. Unlike the MIMO wireless relay network with a multi-antenna source-destination 

pair and a multi-antenna relay, data transmission between multiple source-destination pairs with 

only a single antenna through multiple relays with only a single antenna per relay is defined as a 

distributed MIMO wireless relay network in [8–12]. This distributed MIMO wireless relay 

network [10] was investigated in 2005. In addition, depending on the role of relays during data 

transmission, the MIMO wireless relay systems can be generally classified as cooperative or 

noncooperative. The MIMO wireless relay network with a multiple single-antenna source-
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destination pair and multiple multi-antenna relays is also defined as the distributed MIMO 

relaying system in [8–12]. 

1.1.1 Cooperative Wireless Relay Network 

 The definition of a cooperative MIMO wireless relay network can largely be categorized 

in two ways. The general MIMO wireless relay network is cooperative if the channel state 

information (CSI) is available at the relays [2–7], while the distributed MIMO wireless relay 

network is either cooperative or noncooperative, depending on either the role of relays or the 

relative distances among relays [8–14]. A fundamental way of cooperation in distributed MIMO 

wireless networks is that one or more nodes act as relays to increase the coverage range of the 

transmitter by increasing the receiver signal-to-noise ratio (SNR) [8, 10]. Hence, for a 

cooperative distributed MIMO wireless relay network, it is assumed that arbitrarily distributed 

relays are in close proximity to high SNR links so that received signals from sources and channel 

coefficients can be exchanged among them with negligible errors [8, 10]. Hence, it is also 

assumed that they have perfect CSI of the forward channels through feedback from destinations. 

A similar approach for cooperation of the base station (BS) in MIMO wireless networks has been 

studied [13], whereby signals are transferred among BSs. In this dissertation, a wireless relay 

network is called a cooperative MIMO relay network if all global channel coefficients are 

available at a central node. 

1.1.2 Noncooperative Wireless Relay Network 

 The distributed MIMO wireless relay network is a more practical wireless relay system 

because all communication nodes, such as sources, relays, and destinations, can be arbitrarily 

distributed with long-range links among them. However, if relays in the MIMO wireless relay 

network are distributed with long-range links, then it is not easy for them to cooperate with each 
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other for the sake of sharing channel coefficients [8, 9, 11, 12]. Hence, it can be assumed that 

relays cannot cooperate with each other during data transmission. This distributed MIMO 

wireless relay network is well suited for relay noncooperation. And the wireless relay network is 

called a noncooperative MIMO relay network when only the local channel coefficients 

connected to a relay node are available at the relay node. 

 Additionally, cooperative and noncooperative distributed wireless relay networks can be 

realized by a 5G candidate system, e.g., the cloud radio access network (CRAN). If the relays are 

connected through optical fibers to a central service station (CSS), i.e., the CRAN, then the 

channel coefficients can be reported to the CSS, and the optimal relay amplifying matrix 

proposed  in this dissertation can be computed at the CSS and forwarded to the relays. 

1.2  Wireless Relay Strategies 

 The relays in wireless networks are generally categorized as either half-duplex (HD) or 

full-duplex (FD), according to their roles. For a HD wireless relay system, one data transmission 

cycle is divided into time slots. In the first time slot, HD relays receive signals from sources, and 

in the second time slot, relays retransmit a processed version of those signals received from 

sources. For an FD wireless relay system, FD relays transmit and receive simultaneously using 

different frequency channels, which is called frequency division duplexing, whereas HD relays 

cannot do this. The literature shows that relay strategies have their own variants but can be 

classified into three categories: (1) amplify-and-forward (AF) [2–13, 16], (2) decode-and-

forward (DF) [16–21], and (3) compress-and-forward [21–23]. 

1.2.1 Amplify-and-Forward  

 AF relays retransmit their signals received from sources after multiplying with the 

optimal relay amplifying matrix. The AF relaying strategy is said to be nonregenerative because 
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received signals from sources are not decoded by relays to recover the data. The AF relaying 

scheme only forwards a scaled (or amplified) version of its received signals from a source to a 

destination. Therefore, the AF relay is a reasonable strategy when relays have limited power. In 

particular, AF relays usually lead to lower complexity and shorter delay because there is no 

required signal processing at the relays for decoding and compressing procedures. In other words, 

an AF relay scheme has been popular because the AF relays do not need to decode, encode, and 

compress the signals received from the sources. However, the AF relays need to know the 

optimum relay amplifying matrices to retransmit their received signals from multiple sources to 

multiple destinations. The calculations of optimum relay amplifying matrices require a higher 

complexity and are assumed to be done at a CSS such as a CRAN. The individual AF relays do 

not need to compute the optimum amplifying matrices.  

General AF wireless relay networks have been studied for cooperative MIMO systems 

[2–7], while distributed AF wireless relay networks have been investigated for both cooperative 

[8, 10] and noncooperative [9, 11, 12] MIMO systems. AF relays need neither knowledge of the 

used codebooks nor modulation alphabets, unlike other strategies. However, AF relays forward 

not only desired signals but also noise through the relays. This leads to a SNR loss that degrades 

system performance, e.g., bit error rate (BER), especially in multihop AF wireless relay networks 

[23]. 

1.2.2 Decode-and-Forward  

 DF relays in wireless networks fully decode and reencode their received signals from the 

sources before retransmission [16–21]. For this main reason, they are also called regenerative 

relays, which are not transparent to coding or modulation because they must decode the signals. 

This means that sources must transmit at a rate so that all relays can decode. As stated earlier, the 
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necessary signal processing at the relays for the DF wireless relay system is generally more 

complex than simply signal amplifying for the AF wireless relay system. However, the 

retransmitted data from the relays is mostly assumed to be perfectly recovered at the relays and 

thus noiseless. Hence, several authors [17–20] have proposed various regenerative relaying 

strategies, such as two-hop as well as multihop relaying strategies. Note that the DF wireless 

relay networks are generally HD systems because the codeword must be received completely 

before it can be decoded. 

1.2.3 Compress-and-Forward  

 Compress-and-forward relays do not decode received signals from the sources. They use 

their observations in a different way. The received signals are compressed and then forwarded to 

the destinations [21–23]. Destinations can recover all transmitted data if sufficiently large 

number of linear equations are received. Compress-and-forward relays are most efficient in cases 

where the source-relay and source-destination channels are of comparable quality, and the relay-

destination link is good. In this situation, the relay may not be able to decode the source signal 

but nevertheless has an independent signal observation that can be used to assist with decoding at 

the destination. Kramer et al. [21] investigated compress-and-forward wireless relay strategies by 

applying an FD system. They developed capacity theorems and provided ARs and rate regions 

for a number of wireless channel models. Nazer and Gastpar [23] also proposed a compress-and-

forward relay network that exploits interference in order to obtain significantly higher rates 

between users in a network. 

1.3  Gain Matrices and Vectors 

 In AF MIMO wireless relay networks, in order to improve overall system performance, 

such as BER and AR, or to achieve the spatial multiplexing gain, various gain matrix techniques, 
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such as a precoder matrix (or transmit beamforming vector) at the source(s), a relay amplifying 

matrix at the relay(s), and a decoder (equalizer) matrix (or receive beamforming vector) at the 

destination(s), have been developed [2–13, 24–25]. Additionally, the relay amplifying matrix at 

the relays is a nondiagonal matrix if relays in a distributed AF MIMO wireless relay network 

cooperate with each other, i.e., the relay amplifying matrix in the cooperative distributed AF 

MIMO wireless relay network is a nondiagonal matrix [8, 10]. In contrast to this, the relay 

amplifying matrix at the relays is a diagonal matrix in the noncooperative distributed AF MIMO 

wireless relay network because there is no cooperation between two relays [9, 11, 12]. For 

general AF MIMO wireless relay networks, the relay amplifying matrix is a nondiagonal matrix. 

 Joint optimization of the relay amplifying matrix at the relay and the decoder matrix (or 

Wiener filter [23]) at the destination for the general AF MIMO wireless relay network was 

studied based on the minimum mean square error (MMSE) criterion [2]. In the work of Mo and 

Chew [3], the precoder matrix at the source and the relay amplifying matrix at the relays were 

presented based on the MMSE criterion. Optimal source-relay joint precoding schemes based on 

the MMSE criterion have also been investigated [4]. In addition, a relay amplifying matrix that 

maximizes the capacity between a source and a destination was designed [5]. In particular, the 

relay amplifying matrices for the cooperative AF MIMO wireless relay networks with a direct 

link between a source and a destination were determined [5–7]. All gain matrices were 

determined in the case of general cooperative AF MIMO wireless relay systems [2–7].  

 However, some researchers [8–13] have focused on determining the relay amplifying 

matrices at the relays for the distributed AF MIMO wireless relay networks with relay 

cooperation [8, 10] and with relay noncooperation [9, 11, 12]. In particular, the cooperative 

distributed AF single-input single-output (SISO) wireless relay network of Krishna et al. [8] was 
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presented by minimizing the mean square error (MSE) between the received signal at the 

destination and the originally transmitted signal from the source, while the noncooperative AF 

SISO wireless relay network was proposed based on the MMSE criterion [13]. In addition, the 

relay amplifying matrices were derived based on zero-forcing (ZF) without CSI [26, 27] and 

with CSI [8], and mutual information (MI) criterions [5, 28]. 

1.4  Two-Way Relaying 

 Even though one-way AF wireless relay systems provide spatial diversity and extensive 

coverage with reduced power consumption, they cause a spectral loss due to greater use of time 

slots. To improve the spectral efficiency in two time slots, two-way AF wireless relay systems 

have been investigated, whereby two sources transmit their signals simultaneously to the relay in 

the first time slot, and the relay amplifies the received signals from the two sources and forwards 

them to the two sources (or destinations) in the second time slot [20, 30–38]. That is, time 

division duplexing (TDD) in a two-way AF wireless relay network was employed for data 

transmission. 

 Recently, the two-way wireless relay strategy of Rankov and Wittneben [20] has attracted 

attention because it can achieve higher spectral efficiency compared to one-way relaying. Unger 

and Klein [30] have made a large contribution by presenting a very well-designed analysis of a 

relay beamforming (or amplifying) matrix with multiple relay antennas. The ZF criterion was 

applied to determine the relay beamforming matrix at the relay; however, during data 

transmission, self-interference cancelation process was not considered [30].  

 Lee et al. [31, 32] developed a two-way AF wireless relay strategy with self-interference 

cancelation during data transmission. In particular, they made valuable contributions in 

determining a relay amplifying matrix for a two-way AF wireless relay network consisting of a 
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one-source-one-destination pair with a single antenna and one relay with multiple antennas. For 

the sake of designing the relay amplifying matrix, the achievable sum-rate when the destination 

and the relay have perfect knowledge of the CSI with respect to forward and backward channels 

was maximized [31]. Furthermore, the general power iterative algorithm was proposed to solve 

the global optimization problem [31]. Lee et al. [32] developed an optimal precoder matrix at the 

relay and decoder matrices at the destinations for a two-way AF MIMO wireless relay network 

based on minimizing the sum of the MSE under the power constraint at the relay. Additionally, 

Zhang et al. [33] analyzed the capacity region of a two-way relay channel with analog network 

coding consisting of two sources with a single antenna and one relay with multiple antennas. 

They determined the optimal relay beamforming matrix with a self-interference cancelation 

process based on the weighted sum-rate maximization. However, the optimal amplifying relay 

matrices were not determined based on the MMSE criterion [31, 33]. In contrast to this, Zeng et 

al. [36] studied the AR region for an AF-based two-way relaying system with collaborative 

beamforming consisting of two sources with a single antenna and multiple relays with a single 

antenna per relay. In particular, the optimal beamforming vectors were obtained by solving 

weighted sum inverse-SNR minimization problems [36]. The optimal analog network coding 

strategy in MIMO two-way channels was investigated based on the sum of the MI [37]. The 

relay-weighted least square channel estimation method was proposed for a two-way MIMO 

system [38]. 

1.5  Power Constraint 

1.5.1 Transmit Power Constraint  

 In the literature, power has generally been constrained at the transmission side, either at 

the source [2, 3, 6, 7, 34, 39, 40] or at the relays [2–5, 7, 8, 10, 11, 34, 39, 40], during data 
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transmission for both cooperative and noncooperative one-way AF relay networks, for the 

purpose of saving the total power usage of an entire wireless relay network. This has been 

accomplished using the transmit power constraint (TPC). Similar to one-way AF wireless relay 

systems, the source power [32] and the relay power (RP) [29–31, 33–38] can be constrained in 

two-way cooperative and noncooperative AF MIMO/SISO wireless relay systems. Hence, the 

MMSE criterion for one-way and two-way AF wireless relay systems under various power 

constraints has been applied to the design of gain matrices using different CFs [2–4, 7–13, 32, 39, 

40]. Additionally, during data transmission, individual TPCs at the sources and relays can be 

independently and separately constrained [7, 39]. Furthermore, the sum of transmit power at both 

the sources and the relays, called the aggregate power constraint (APC), can be constrained [7, 

39]. 

1.5.2  Receive Power Constraint  

 Recently, the power constraint at the destination, or receive power constraint (RPC), in 

both cooperative and noncooperative one-way AF MIMO/SISO relay networks has attracted 

attention. The main purpose of the RPC is to design an energy-efficient and throughput-efficient 

network system [41–44]. This is because a destination having relays can decode the desired 

information with a satisfactory BER performance as long as the received SNR meets the required 

SNR at the destination. In addition, an RPC at the destination can limit the interference level for 

those users located in neighboring cells. When a destination needs help via relays, it is probably 

located at the periphery of a cell. Hence, when the received power at the destination is strong, it 

may interfere with the weak user signals of the neighboring cell. If the interference level can be 

limited in neighboring cells, then the outage probabilities of the users can be reduced. Hence, the 

overall networks, including self and neighbor networks, can have improved throughput 
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performance. It can also be shown analytically that the power of the received signal component 

increases as the number of relays increases when power is constrained at the relays [8]. Hence, 

the surplus received-signal power or energy can occur if the relay power constraint is applied, 

but this surplus energy can be saved if the RPC is applied. The relay amplifying matrices of both 

cooperative and noncooperative distributed AF MIMO/SISO wireless relay networks under the 

RPC have been determined based on the MMSE criterion [43, 44]. 

1.5.3 No Power Constraint  

 During data transmission, power cannot be constrained intentionally in noncooperative 

distributed AF MIMO/SISO wireless relay networks [9, 45]. Instead, a scaling factor scheme to 

meet a target signal-to-noise ratio (      ) at the destination is applied. This        strategy 

can implicitly embrace the power constraint problems and be a more practical implementation. In 

particular, this strategy can be more desirable as long as it is met at a destination node. Therefore, 

any redundant power of the received signal in the        strategy is not necessary. Hence, 

noncooperative distributed AF MIMO/SISO wireless relay networks under no power constraint 

(NPC) have been studied for the purpose of determining relay amplifying matrices based on the 

MMSE criterion [9, 45]. 

1.6  Channel Uncertainty  

 In reality, channel estimation in AF wireless relay networks is done by sending pilot 

symbols; hence, channel estimation errors can occur, and communication nodes can have 

inaccurate knowledge of their local channel coefficients, due to channel estimation errors, which 

can be in either the source-relay or relay-destination links. As a result, the originally transmitted 

signal from the source can be incorrectly detected at the destination. This effect is called 

“channel uncertainly (CU)” [9, 39, 43, 45, 46]. Channel estimation errors can be modeled as 
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Gaussian because the average of the estimation approaches the true channel parameter, and 

errors are typically distributed as Gaussian [47]. The CU under the TPC at both the source and 

the relay in a general AF MINO wireless relay network [39] and NPC in a distributed AF MINO 

wireless relay network [9] have been studied in determining the amplifying relay matrices using 

the MMSE criterion. Additionally, the noncooperative distributed AF SISO wireless relay 

network under the RPC with CU has been studied in designing the relay amplifying matrix based 

on the maximization SNR criterion [43]. Several authors have investigated the effect of channel 

estimation error for noncooperative distributed AF SISO wireless relay networks based on the 

MMSE criterion [45, 46]. They also have determined the relay amplifying matrices in the 

absence of channel estimation error [45, 46]. 

1.7  Relay Selection   

 System performance, such as BER and AR, can be improved by applying an efficient 

reply selection scheme with significantly reduced complexity. One or more relays are selected 

from the entire set of potential relays to forward data from sources to destinations. Diverse relay 

selection schemes have recently been reported. Bletsas et al. presented a simple selection scheme 

where only one relay at a time assists in data transmission between a source-destination pair and 

achieves full spatial diversity on the order of the total number of cooperating nodes. Sreng et al. 

[49] examined mainly the single DF relay selection scheme, while Jin et al. [50] investigated the 

multiple selection scheme. The worst channel selection, whereby a relay whose channel was the 

worst was selected, has also been studied [49, 50]. The best harmonic mean selection for a single 

relay was proposed using the harmonic mean of the two channels’ qualities [51, 52]. In addition, 

a relay selection scheme based on channel coefficients between the relay and destination has 

been presented [53]. A single relay selection scheme based on an outage probability was 
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investigated for a DF relay system [54, 55] and an AF relay system [54–58]. An opportunistic 

AF wireless relay system with a relay selection based on the maximum end-to-end SNR criterion 

has also been presented [59]. And the effect of increasing the number of relays in the relay 

selection pool was studied [59]. In addition, Jing and Jafarkhani [60-62] proposed both single 

and multiple relay selection schemes for the AF wireless relay system based on relay ordering 

with constant power for each node. The relay selection schemes in several research endeavors 

were proven to achieve the same diversity order as the all-relay selection scheme [48–62]. 

Furthermore, these schemes require lower power consumption and have lower outage probability 

than the all-relay selection.  

1.8  Motivation 

 The AF MIMO wireless communication is a hot topic of current research. 

Advantageously, unlike DF and compress-and-forward wireless relay strategies, the AF wireless 

relay strategy leads to the lowest complexity and shortest delay because signal processing is not 

necessary at the relays during data transmission. Hence, this dissertation considers an AF 

wireless relay strategy. In most of the literature, the cooperative (general) AF MIMO wireless 

relay systems have been widely studied since 1987 for the good of achieving spatial diversity 

using a single multi-antenna source-destination pair with one multi-antenna relay. In contrast, the 

distributed AF MIMO wireless relay systems have not been presented much in the literature. 

Hence, this dissertation focuses on the distributed AF MIMO wireless relay network. The 

MMSE is one of the promising approaches to achieving spatial diversity gain in both cooperative 

and noncooperative distributed AF MIMO relay networks [8–12]. Thus, the MMSE criterion will 

be mainly applied throughout this dissertation in order to determine all types of gain matrices 

and vectors. 
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 As shown in the work of Krishna et al. [8], only an implicit optimal relay amplifying 

matrix at the relays derived by minimizing the MSE between the received signals at the 

destination and the transmitted signals from the sources in the condition of the TPC at the relays 

is available without the proof of global optimality. Therefore, this dissertation first provides the 

closed form of the optimal nondiagonal relay amplifying matrix for the cooperative distributed 

AF MIMO wireless relay network based on the MMSE criterion. In particular, various power 

constraints, such as TPC, APC, RPC, and NPC, will be added in the optimization problems 

corresponding to the MMSE, ZF, and matched-filter (MF) criterions [63]. It is analytically 

shown that the explicit optimal relay amplifying matrix derived by minimizing the MMSE and 

the equalizer at the destinations are globally optimal. Since the optimal relay amplifying matrix 

derived in the work of Krishna et al. [8] is a non-closed form, it is difficult to analyze the 

characteristics of the system performance, such as the MMSE CF value and the signal 

component power (SCP) of the received signals at the destinations. By the same token, the relay 

selection scheme was not presented in that work [8]. However, by adopting the explicitly optimal 

relay amplifying matrix, an efficient relay selection scheme will be presented based on the MSE 

minimization criterions, which is a novel relay selection scheme. Additionally, using the 

noncooperative distributed AF MIMO wireless relay network, spatial diversity can be exploited 

to increase the communication link reliability. In particular, computational complexity at the 

relays is low compared to the cooperative distributed AF MIMO wireless relay network because 

the noncooperative distributed network has a diagonal relay amplifying matrix at the relays. 

Because of these main advantages, the noncooperative distributed AF MIMO wireless relay 

network will be broadly investigated in this dissertation. Hence, similar to the case of the 

cooperative distributed AF MIMO wireless relay network, optimal diagonal relay amplifying 
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matrices will be determined based on the MMSE criterion. For the sake of both saving power at 

the sources and improving system performance of the entire wireless relay network, a transmit 

beamforming vector is applied at the sources. In order to reduce the implementation complexity, 

a linear decoder (equalizer), interpreted as a receive beamforming vector, is applied at the 

destinations for signal detection. Hence, both transmit and receive beamforming vectors for both 

one-way and two-way noncooperative AF MIMO distributed relay networks will also be derived 

in this dissertation. In particular, the one-way noncooperative AF HD and FD distributed relay 

network with a direct link between the source and destination will be studied to determine the 

relay amplifying matrix at the distributed relays and transmit/receive beamforming vectors at the 

source and destination, respectively. 

 Since relay amplifying matrices and beamforming vectors in one-way and two-way 

noncooperative AF MIMO distributed relay networks are applied during data transmission, it is 

difficult to find explicitly optimal solutions to the optimization problems. That is, there are no 

existing closed-form expressions. Hence, this dissertation will propose an effective iterative 

algorithm to solve the optimization problem. The convergence of this proposed iterative 

algorithm will also be provided numerically. 

  In practice, due to channel estimation errors during data transmission, the estimates of 

the imperfect forward and backward channels should be used instead of perfectly known forward 

and backward channels. Hence, to investigate the effects of CU in the noncooperative distributed 

AF MIMO relay network, CU is applied to determine the relay amplifying matrix under the TPC 

at the relays, for the first time. Similarly, by adopting the optimal AF matrices and beamforming 

vectors derived, diverse performance analysis, such as the MMSE CF, AR, and so on, will be 

carried out. In particular, it is shown that minimizing the MSE is equivalent to maximizing the 
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SNR in both one-way and two-way noncooperative AF MIMO distributed relay networks. 

Finally, this dissertation shows the relationship between the MI in nats and the MMSE with unit 

power of the transmitted signal for both one-way and two-way noncooperative AF MIMO 

distributed relay networks. 

1.9  Contributions 

 In this dissertation, two different kinds of two-hop distributed AF MIMO wireless relay 

networks with gain matrices and vectors are considered: (1) one-way cooperative and 

noncooperative AF MIMO relay networks with constrained power consumption at the sources, 

relays, and destinations, in which the relays amplify their received signals from the sources and 

forward them to the destinations; and (2) two-way noncooperative AF MIMO distributed relay 

networks, in which two sources exchange their data through relays, in order to improve the 

spectral efficiency compared to one-way AF relay networks. In addition, novel performance 

analysis is carried out by using the derived optimal solutions.  

 Based on the published literature, the main contributions in this dissertation are as 

follows: 

 It is analytically shown that the derived MMSE-based optimal amplifying relay matrix 

and equalizer coefficient for the cooperative distributed AF MIMO relay network are 

globally optimal, for the first time. 

 Closed forms of the optimal relay amplifying matrices based on the MMSE and ZF   

relay schemes under TPC, RPC, and NPC for cooperative distributed AF MIMO relay 

networks are presented.  

 Closed forms of the optimal diagonal relay amplifying matrix and the equalizer factor for 

the noncooperative distributed AF MIMO relay network under both no CU and CU 
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environments with the TPC at the relays are obtained, for the first time, based on the 

MMSE criterion.  

 Closed forms of the optimal relay amplifying matrices under TPC and APC for both one-

way and two-way noncooperative AF MIMO distributed relay networks are provided 

based on the MMSE, ZF, and SNR criterions with EB and equal gain beamforming 

vectors, for the first time. 

 Implicitly optimal relay amplifying matrices and beamforming vectors under the TPC 

and APC are derived for both one-way and two-way noncooperative AF distributed relay 

networks with/without direct links between source(s) and destination(s). 

 The MMSE CF and total SCP behaviors at the destinations are analytically derived, for 

the first time, using the proposed explicit optimal relay amplifying matrix. 

 With the analytical results, this dissertation can predict which case is superior to the 

others without lengthy BER simulation, using SNR, CF, and SCP behavior analysis.  

 In particular, the MMSE CF behavior under conditions of a CU environment is 

analytically and numerically investigated, for the first time. 

 By adopting the closed forms of minimum CF, this dissertation presents, for the first time, 

an efficient relay section scheme for both cooperative and noncooperative distributed AF 

wireless relay systems. 

 An efficient iterative algorithm to solving the global optimization problem for implicit 

optimal solutions is provided. 

 The relationship between the MI in nats and the MMSE with unit power of the 

transmitted signal for both one-way and two-way noncooperative AF MIMO distributed 

relay networks is shown, for the first time. 
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1.10 Organization 

 The remainder of this dissertation is organized into six chapters. In Chapters 2 and 3, 

both cooperative and noncooperative one-way distributed AF MIMO relay networks are 

proposed, respectively. Based on the MMSE, ZF, and MF criterions, the gain matrices under 

various power constraints, such as TPC, RPC, and NPC, are determined in conditions of both no 

CU and CU environments. By adopting the derived optimal gain matrices, diverse performance 

analysis and discussion, such as the MMSE CF behavior and the total SCP behavior, are 

presented, including a novel relay selection scheme. Performance analysis and comparisons are 

presented with simulation and analytical results.  

 In Chapters 4 and 5, one-way and two-way noncooperative AF MIMO distributed relay 

networks are investigated, respectively, without a direct link between a source and a destination. 

The transmit beamforming vector at the source, the relay amplifying matrix at the relays, and the 

receive beamforming vector at the destination under various power constraints are designed 

based on the MMSE, ZF, and SNR criterions with self-interference cancelation. Using the 

derived optimal AF matrices and beamforming vectors, the average (or sum) BER and average 

(or sum) MSE behaviors are analytically and numerically evaluated. Finally, it is proven that 

minimizing the MSE is equivalent to maximizing the SNR in one-way and two-way 

noncooperative AF MIMO distributed relay networks. It is also shown that the MI in nats and the 

MMSE have a specific relationship.  

 In Chapter 6, one-way noncooperative AF HD and FD MIMO distributed relay networks 

with a direct link between a source and a destination are considered. Similar to Chapters 4 and 5, 

relay amplifying matrices and beamforming vectors are determined under various power 

constraints by using the MMSE criterion. Various system performances, such as BER and AR, 
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are compared between HD and FD schemes. Finally, Chapter 7, based on the results obtained 

from Chapter 2 to Chapter 6, concludes this dissertation. In addition, future work related to this 

dissertation will be briefly stated. 
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CHAPTER 2 

ONE-WAY COOPERATIVE DISTRIBUTED AF MIMO RELAY NETWORK 
 
 

2.1 Introduction  

 In the literature, closed forms of optimum relay amplifying matrices for cooperative 

distributed AF MIMO relay networks with MMSE or ZF criteria under various power constraints, 

such as TPC, RPC, and NPC, have not been presented [8–12]. For the purpose of determining 

closed forms of the optimal relay amplifying matrix for cooperative distributed AF MIMO relay 

networks, this chapter will use the same or similar relay network models as those in the literature 

[8–12] but will consider various practical power constraints. Hence, the main objective of this 

chapter is to obtain closed forms of optimal nondiagonal relay amplifying matrices for 

cooperative distributed AF MIMO relay networks using MMSE- or ZF-based relay strategies 

under the TPC at the relays, the RPC at the destinations, and the NPC condition. Similar to other 

work [8–10], the MMSE criterion in this chapter will be mainly used for determining those 

closed forms. And the ZF criterion will also be used, which was not the case in other work [8, 

10]. Additionally, a diagonal weight matrix can be inserted as the RPC to limit the relay input 

powers at the relays and at the destinations during data transmission. This was not studied in 

other work [8, 10]. Finally, this chapter will show that the proposed optimum relay amplifying 

matrix performs better than existing ones [8, 10]. 

 The TPC has traditionally been studied because of a practical limitation scenario placed 

at the device level. On the other hand, the RPC at destinations has been studied [41–44, 64]. 

Hence, this chapter will also consider the RPC as well as the TPC. The main purpose of the RPC 

instead of the TPC is to achieve an energy-efficient network in the network level rather than the 

device level [41–44, 64]. Too much extra received power can be avoided using the RPC. Since 
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each node uses power that is just sufficient to meet the requirements under the RPC, neighboring 

networks can also enhance their throughput, and hence overall network throughput, because 

there may be less intercell interference. The explicit expression for the optimum amplifying 

matrix under the RPC has not yet been made available in a diagonal weight matrix form [64].  

 Additionally, by substituting the derived optimum relay amplifying matrices back into the 

original CF relay strategies, this chapter can compare the behavior of optimum CF strategies and 

total optimum SCP of received signals at destinations for different cases that were not 

investigated previously [8, 10]. Finally, using the MMSE criterion, a novel relay selection 

scheme is proposed for the cooperative distributed AF relay network. 

2.2 System Model and Data Transmission 

Figure 2.1 shows data transmission between distributed M source-destination pairs 

through cooperative N relays      . All communication nodes have only one antenna. It is 

assumed that all relays have perfect knowledge of the forward channels through feedback from 

the destinations. During data transmission, power can globally be constrained at the relays as 

well as at the destination. In particular, power cannot be constrained intentionally. 

 

Figure 2.1. Cooperative distributed AF MIMO wireless relay network consisting of M sources,  
N relays, and M destinations with a single antenna under TPC, RPC, and NPC. 

 



21 

In this model, there are two stages: State I (broadcasting stage), where sources broadcast 

the signal vector s                 
 , and Stage II (relaying stage), where all relays 

retransmit their received signals to destinations multiplied by an     nondiagonal relay 

amplifying matrix for the linear processing operation. 

Let      
    denote the backward channel matrix from sources to relays as 

                       (2.1) 

where                       
 
               is a column vector representing the  

channel coefficient from the m-th source to all relays. It is assumed that each channel        is 

independent and identically distributed (i.i.d.) with a zero-mean and unit-variance circular 

complex Gaussian and quasi-static Rayleigh fading. Let     
    denote the forward channel 

matrix from relays to destinations as  

                      
 
 (2.2) 

where                               , is a row vector representing the channel 

coefficient from all relays to the m-th destination. It is assumed that each channel coefficient 

       is i.i.d. with a zero-mean and unit-variance circular complex Gaussian and quasi-static 

Rayleigh fading. 

 Therefore, the received signal complex column vector        at the relay inputs is 

written as 

            (2.3) 

where         is a zero-mean complex additive white Gaussian noise (AWGN) vector with 

covariance matrix    
   , and         is a diagonal weight matrix consisting of the positive 

scaling factor    for the i-th relay input to limit the received power at the relay inputs. Namely, 
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using  , the RPC at the relays for a cooperative distributed AF MIMO wireless relay network 

would reduce the interference level of neighboring cell users. The amplified signal column 

vector          at the relay outputs is given by 

      (2.4) 

where          is a relay amplifying matrix employed by the relays to minimize the MSE 

between the equalized signals at the destinations and the originally transmitted signal from the 

sources. The received complex signal column vector          at the destinations can be written 

as 

                                                             

                    (2.5) 

where          is a zero-mean complex AWGN vector with covariance matrix    
   . In 

addition, the signal    is equalized by a positive scaling factor    to produce the estimate    , 

i.e.,       
            . For simplicity, a common equalization factor   is used for all 

         . To reduce the channel effect from equation (2.5), using  , equalization is 

performed as        . In the next section, the optimal   will be determined by using MMSE 

and ZF criterions. Meanwhile, the equalization scaling factor   and the diagonal weight matrix Γ 

are also determined. In particular, the optimal    based on the MF criterion will be derived for 

the sake of comparing the system BER performance with the optimal    based on MMSE and 

ZF criterions.  
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2.3 Cooperative Wireless Relay Schemes 

2.3.1  MMSE Relay Scheme 

2.3.1.1 Transmit Power Constraint 

 The optimum   , which minimizes the MSE between the originally transmitted signal 

vector   from the sources and the equalized signal vector         at the destinations, is 

determined under the TPC as  

           
   

     (2.6) 

                  

where    is the total TPC at the relays. Here, using the definition of the MMSE, the CF      

           [65] is written as  

                    
 
        

        
 
         

  

                                                                          (2.7) 

under the assumption that  data symbols, channel coefficients, and noises are independent of 

each other, where       
                              

          
     

       
      

    
     

             , and       =        . As employed in equation (2.7), the CF 

     in this chapter is defined as the MMSE. Hence, the smaller the CF value, the smaller the 

MSE [66]. Consequently, the system BER performance improves as the CF value decreases. The 

total power               at the relays can be written as  

              
     

      
 . (2.8) 

The desired constrained optimization problem with the Lagrangian multiplier   [66] and total 

transmitted power    at the relays can be written as  

                             . (2.9) 
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The constrained Lagrangian optimization           in equation (2.9) is convex or strictly quasi-

convex with respect to F and  . Hence, the solutions in equation (2.9) for F and   are the global 

optimums. Refer to Appendix A. 

 Using the constrained Lagrangian optimization          in equation (2.9), the closed 

forms of optimal    at the relays, the optimal scale factor gain    at the destinations, the 

corresponding optimal diagonal weight matrix   at the relay inputs, and the positive optimal 

Lagrangian multiplier    can be written, respectively, as  

    =     
   

    
     

        
   

       
 
     

      
   

     
 
 (2.10) 

     
    

  

       
   

       

 
     

      
   

     

  (2.11) 

       
   
 

  
 
 
 

 
   (2.12) 

        
   

   
          

   
       

 
     

      
   

     
 
  (2.13) 

where 

           
     

    
  

 (2.14) 

       
        

   
     

  

. (2.15) 

Refer to Appendix B for detailed proofs of equations (2.10)–(2.13). Note that the optimal 

equalization factor    at the destinations in equation (2.11) is, in fact, the Wiener filter [30], i.e., 

        
                 , where               

 
     

        
 
     

 . For a 

special case with no optimal scaling factor  , i.e.,     in equation (2.7), the optimal     
  can 

be written from equations (2.6) to (2.9) as 
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 (2.16) 

where              if        is a right matrix, i.e.,     [68]. 

2.3.1.2 Receive Power Constraint 

 Constraining the received power at the destinations can be considered similar to the TPC 

at the relays. The true RPC including thermal noise power should be           
 . However, 

the RPC in this section is simplified to the SCP    because     
  is a constant. Note that the 

SCP    in equation (2.18) includes    
 . Hence, using the CF under the RPC, i.e.,         

            and the Lagrangian multiplier       the constrained Lagrangian optimization 

problem can be written as 

                                   
 
       (2.17) 

where the total SCP            
 
   of the received signals at the destinations, from 

equation (2.5), is  

                   
 
     

           
 
. (2.18) 

Following the steps of the previous Lagrangian optimization solution in equation (2.9), the 

explicit optimal     
  for the cooperative distributed AF relay network under RPC can be written 

as  

     
  

  
   

    
     

      
       

 
     

    
     

 
. (2.19) 

Substituting equation (2.19) into equation (2.8), the total transmit power at the relays under RPC 

with       can be written as 

            
       

   
        

  
 
  

       
       

  
 

     
 (2.20) 
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where        
   

        
 
 
 
             using Lemma 1 from the work of Tague and 

Caldwell [70] when    , and        
         , if N or M are large enough or if an input 

SNR is high.  

2.3.1.3 No Power Constraint  

 Although the power constraint can be intentionally avoided during data transmission, this 

section applies a positive scaling factor      in the MMSE CF strategy to meet the        at 

the destinations. The NPC in this section is a modified NPC because a positive scaling factor 

      is applied at the destinations to meet the target       . This modified NPC is more 

desirable than the NPC without a scaling factor because as long as the        is met at the 

destinations, any redundant power in the received signal can be avoided. Hence, using the 

positive scaling factor       and the CF                  
      , the optimal     

  under 

NPC for the cooperative distributed AF relay system can be derived as  

      
           

   
     

   (2.21) 

where              is also used, and       is defined as  

              
   
 

  
 
 
 

 

. (2.22) 

In equation (2.22), note that      would be 1 if the        is set to      

   
  at the destinations. 

In this chapter,        is selected for simulation in Section 2.7, because if the channels are 

AWGN, then the SNR at the destination would be   

    
 . In addition, using the optimal     

  in 

equation (2.21) and the positive scaling factor      in equation (2.22) with     , the power 

usage        at the relays for N and M to be large enough or for a high input SNR can be 

approximated as   
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. (2.23) 

In other words, using the optimal     
 , similar to the RPC case, the power usage at the relays 

under a modified NPC drops by  

     
. 

2.3.2 ZF Relay Scheme 

 During data transmission, the ZF criterion removes interferences while ignoring noises. 

Hence, the ZF optimization under TPC can be written as  

     
         

   
       (2.24) 

                    (2.25) 

where the CF                                    , which is a noise-free signal vector in 

equation (2.5). And the constrained Lagrangian optimization can be written as  

                             
     . (2.26) 

The optimal    
  under the TPC and the optimal positive scaling factor gain    

  at the 

destinations can be written, respectively, as 

    
  

  
   

       

      
  

 

 
     

    
   

  
 

 
 (2.27) 

and 

    
   

  

     
  

 

 
     

    
   

  
 

 .  (2.28) 

Refer to Appendix C for detailed proofs of equations (2.27) and (2.28). Note that   in equations 

(2.16), (2.19), (2.21), and (2.27) is the same as in equation (2.12). Also note that the total number 

of computations, including multiplications, additions, and divisions, to compute the proposed 

optimum relaying amplifying matrices in equations (2.10) and (2.27) for the MMSE and ZF 

scheme are, respectively,                       and  
 
             



28 

    
 

 
   [71]. Hence, the complexity to calculate the MMSE AF relay amplifying matrix is 

approximately 4.8 times higher than that of the ZF one by considering only the highest order of 

N.  

In the literature survey, it was found that the     in equation (13) in the work of Krishnan 

et al. [8] is the most explicit one and is given by  

     
        

            
  
  
   

   . (2.29) 

However, equation (2.29) is expressed in terms of the Lagrangian multiplier       which is 

introduced for the TPC at the relays. The      is searched separately using a complicated 

equation (14) from the work of Krishna et al. [8] as 

       
       

            
  
     

            
  
  (2.30) 

where      
   

       . Hence, the    in equation (13) from the work of Krishna et al. [8] 

(or     
  in equation (2.29)) is an implicit rather than explicit expression. 

 For more performance comparison, the    
 

 for the cooperative distributed AF MIMO 

relay network based on the matched filter (MF) criterion [63] under the TPC can be written as 

    
   

  
   

 
   

        
    

  
 (2.31) 

using the linearity of the trace function, i.e.,                                     where 

     
   

  is the relay transceiver matched to the forward and backward channels from the 

sources to the destinations [72].  

 Finally, using the SNR at the destination, the AR for an AF SISO relay network (i.e., 

                   
 
 and                    ) can be calculated as  

   
 

 
            (2.32) 
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where 

     
           

 

   
        

 
    

 
. (2.33) 

From equations (2.32) and (2.33), the maximum AR optimization problem at the destination can 

be written as 

    
               . (2.34) 

Using the Kronecker product and vectorization operators, and applying the generalized Rayleigh 

quotient [73], the maximum sum rate optimization can be rewritten as 

       
   
     

   
     

         
     (2.35) 

where               
              is an       positive definitive and Hermitian 

matrix with rank one, z is a      row vector defined as         
           

    

   
   

      is also an       positive definitive and Hermitian matrix with rank   ,    is an 

      matrix defined as          
    

 
,   is an       matrix defined as   

      
       

       , and              is the maximum eigenvalue of     . Additionally, 

using Cholesky factorization and the given conditions of   and  ,     can be written as 

            
            (2.36) 

where            is the eigenvector corresponding to the maximum eigenvalue of     , and 

  is a positive scaling factor to adjust the transmit power usage    at the relays. Using equation 

(3.36) and the relay transmission power consumption,   can be written as 

      

           
. (2.37) 
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Finally, substituting equation (2.37) into equation (2.36), the closed form of the optimal    
  

under the relay transmission power constraint can be written as 

    
  

        

           
 (2.38) 

with the corresponding optimal    
  given by                 

      , where the reshape 

operator denotes the reshape of an      vector    
  to an     nondiagonal matrix.  

 For a cooperative distributed AF MIMO relay network, this is not a simple optimization 

problem but rather a joint optimization problem to find one common amplifying matrix F that 

maximizes the sum rate given by 

   
 

 
              
 
    (2.39) 

where  

       
             

 

            
  

           
        

 
    
 

. (2.40) 

Here, the SINR stands for the signal-to-interference-plus-noise ratio. Hence, a future challenging 

problem would be to find an optimum cooperative AF relay amplifying matrix that maximizes 

the sum rate. 

2.4 CF Behavior 

 The smaller the CF value, the smaller the MSE because the CF      value in this chapter 

is defined as the MSE in equation (2.7), and vice versa [66]. That is, the system BER 

performance either improves or degrades according to the MSE values. Additionally, the number 

of relays     affects the MSE values for a given M. Similarly, the number of sources     affects 

the MSE values for a given N. Hence, in this section, the CF behavior will be mathematically 

investigated by varying the parameters M and N. 
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 Proposition 1: The CF        value in equation (2.7) under the TPC decreases as N 

increases for a given M. 

 Proof: Using the optimal    in equation (2.10) and the linearity of the trace function, the 

MMSE CF       value in equation (2.7) can be written as  

                 
            

   
 

  
  

   
 
     (2.41) 

where    and    are the i-th positive eigenvalue of     
   and     

    with         

      
  and             

 , which are conjugate symmetric with rank        and rank 

      , respectively, i.e., all eigenvalues of     and    are positive. Recall that    

   
        

   
     

   and      
   

       . It can be analytically shown that the 

difference between    
 
    and     

 
    in equation (2.41) gets smaller as N increases for a 

given M and             . In addition,          
      decreases as N increases. This is 

because the optimal scaling factor    in equation (2.11) increases as N increases. Hence, the 

      value in equation (2.41) decreases as N increases.  

 In summary, system BER performance improves as N increases for a given M. However, 

it can be clearly seen that the overall MMSE CF       value in equation (2.41) increases as M 

increases for a given N. Hence, the BER performance degrades as M increases for a given N. 

Additionally, using the optimum equalization scaling factor    in equation (2.11), the original 

CF       value in equation (2.7) can be written as  

                
   

        
  
  (2.42)  

where           and       
      

     
     

   . From equation (2.42), when    , 

it can be seen that the minimizing MSE is equivalent to the SNR maximization as 
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                . (2.43) 

Here, the optimal relay amplifying matrix and the SNR at the destination in equation (2.43) can 

be determined using equation (2.5) and equation (2.10) when    . In particular, using 

equation (2.43), the AR   can be written as    
 

 
         when    . 

 Proposition 2: The CF       
   value in equation (2.17) under the RPC converges to a 

constant as N increases. 

 Proof: Using the optimal     
  in equation (2.19), the MMSE CF       

   value in 

equation (2.17) can be rewritten as 

       
              

            
 
     

 

  (2.44) 

where    is the i-th positive eigenvalue of        
     

   , which is a conjugate 

symmetric with rank       , i.e., all eigenvalues of    are nonnegative, and the number of 

zero-eigenvalues is (N – M). From equation (2.34),       
   converges because    

 
    

converges to M as N increases for the given M,   ,   , and    
 . Additionally, it can be easily 

seen that the       
   in equation (2.44) increases as M increases for a given N. In particular,    

and    can be constrained to 1 when the RPC is applied. Hence,        
   in equation (2.44) 

converges to  

       
   =       

 
     

 . (2.45) 

 In summary, the system BER performance converges as N increases for a given M, 

while it degrades as M increases for a given N. 

 Proposition 3: The CF       
   value under the NPC with     

  in equation (2.21) 

converges to a constant as N increases. 
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 Proof: Using the optimal     
  in equation (2.21), the MMSE CF       

   value can 

be rewritten as  

      
       

    
         

   
    

        
    

 
   

 
         

    
       

      (2.46) 

where    and    are the i-th positive eigenvalues of     
  and     , which are conjugate 

symmetric with rank      
     and rank         , respectively. Assume that N is large 

enough for a given M and    
     

    
 . In addition,      and    are normalized to 1, 

respectively. Then       
   in equation (2.46) can be rewritten as  

       
       

     
 

   
  (2.47) 

because    
 
         

 
                           to be large enough for a given 

M. Hence,       
   decreases as N increases for a given M. But, if N is large enough, then 

      
   converges to a constant, i.e.,     , as       

   does in equation (2.44). On the other 

hand,       
   in equation (2.46) increases as M increases for a given N, similar to       

   in 

equation (2.44). 

  Proposition 4: For the ZF relay scheme, the CF      
   value in equation (2.26) under the 

TPC increases as N increases. 

  Proof: Using the optimal    
  in equation (2.27), the MMSE CF      

   value in equation 

(2.26) can be rewritten as 

       
                (2.48) 

 Hence,      
   increases as N increases for a given M because     increases as N increases, 

unlike       in equation (2.41). In general, the CF value decreases as the MSE decreases if the 

CF value is defined as the MMSE. However, in a ZF scheme, only the noise-free signal vector is 
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used to apply the CF value. As a result, as N increases,      
   increases. Even if       

   

increases as N increases, the BER performance does not get worse because      
   represents 

only the SCP with a noise-free condition for the ZF case. In addition,          
         

 

         
  

     
 

   
 
   
          

  at the destinations increases as N increases for a given M,   ,    
 , and    

 , 

where           
      

        
    and           

    +        
   

    

     in equation (2.5). As a result, the BER improves as N increases, although      
   increases 

as N increases.  

  Similar to      ,       
  , and       

  ,       
   increases as M increases for a given N. 

Note that       in equation (2.41) is smaller than       
   in equation (2.44). As a result, the 

BER performance applying    in equation (2.10) is smaller than the one applying     
  in 

equation (2.19), in particular, for N to be large enough. This analytical result will be verified 

through the simulation in Section 2.7. However, comparing       in equation (2.41) with      
   

in equation (2.48) is not fair enough because they have different CF values. Hence, to provide a 

fair comparison, the SCP of the received signals at the destinations will be considered in the next 

section. 

2.5 SCP of Received Signals at Destinations 

  The larger the SCP of the received signals at the destinations, the better the BER 

performance for a given noise power. Based on this relationship, the BER performance will be 

examined in this section. 

  Proposition 5: The SCP at the destinations under the RPC using the MMSE with the 

scaling factor   including 1 increases as N increases. 
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  Proof: Using equation (2.5) and the explicit optimal    in equation (2.10) under the TPC, 

the total SCP       
of the received signals at the destinations can be written as  

        
         (2.49) 

where                       
            

  
              with            

    . It is observed that        increases as N increases for a given M. In addition, as   goes to 

 ,       in       gets smaller. Hence, if N is large enough,       can be approximated as N 

– M. For a high SNR, both       
        

   
     

  

and           
     

    
  

 can 

be approximated as       
    

  
and         

    . For example, for         , if the 

value of 
    

 

  
 is less than 0.2 percentile of the i-th diagonal element of     

     or       
  , 

i.e.,  
    

 

  
            

        , then the approximations are valid when     . Here, 

   
       is the i-th diagonal entry of   

   . This is because 
    

 

  
               

     
              when        . Hence, using the properties of the pseudo-inverse, 

           and              
   can be simplified, respectively, as  

                    
  

  
  (2.50) 

              
     (2.51) 

where      
   

       . Hence,                      
            

  
  can be 

written as 

                  
  

  
  . (2.52) 

To determine       in equation (2.52), a useful lemma from the work of Tague and Caldwell 

[70] is applied as follows: 
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 Lemma 1: Let                 with    . Then, 

                
 

   
 (2.53) 

where 0 is an     matrix consisting of all zero entries. Hence, using Lemma 1,       in 

equation (2.52) can be written as 

          . (2.54) 

Note that       in equation (2.52) can be easily verified using the     case. In other words, 

          when                            and     because            

        
  

  
  

 

    
  and              

     with                 and    

             
 

. Here,       
  
  

 

   
 is used. As the SNR increases, the minimum N 

required for valid approximations of    and    can be smaller than M. From equation (2.49), it 

can be concluded that the system performance enhances as N increases. In other words, the BER 

performance improves by                when     . 

  Proposition 6: The SCP at the destinations under the TPC using ZF increases as N 

increases. 

  Proof: Using equation (2.5) and the optimal    
  in equation (2.27), the total SCP      of 

the received signals at the destinations can be written as 

            (2.55)  

where                  
   

    
         

          
   

    
       

  
 
        

       . Here, the average     is            . Hence,     increases as N increases for a 

given M and   , like      . Hence, as N increases, the SCP      increases, i.e.,             , 

the BER performance enhances by               
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 Additionally, it can be theoretically observed that               . Here,      is 

the SCP under TPC with     
  in equation (2.16) as              

           
   

        
  

 
 
  

  

             with              Therefore, the BER performance with    in equation 

(2.10) is the best, compared to the one with     
  in equation (2.16); and    

  in equation (2.27) is 

similar to the one with     
  in equation (2.16), due to         . 

 Proposition 7: The SCP at the destinations under the NPC converges to a constant for a 

given M and    as N increases. 

 Proof: Unlike       
       , and     , the SCP       applying     

  in equation 

(2.21) has a different theoretical result as 

                 (2.56) 

where             
                  with           1. Note that      is 

          for a given M and   , e.g.,     , regardless of increasing N because the term 

    
  inside           

     
    

  
 is the dominant term for N to be large enough. 

Therefore, the SCP       converges to           , if N is large enough. 

 In addition, if    
  approaches 0, then      approaches 0. Hence,      can be equal to M 

when          . Finally, if    in equation (2.18) is constrained to 1 using the optimal     
  in 

equation (2.19) and    , then                     . However, if    , then 

            . Hence, the NPC shows a better BER performance compared to the RPC 

when    . 

 In summary, from Propositions 5 to 7, the MMSE-based    under the TPC with 

equalization factor   shows the best BER (i.e., highest SCP at the destinations), and     
  under 

the RPC has the worst BER, especially, for N to be large enough. 
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2.6 Relay Selection 

 System performance, such as BER, can be improved by applying an efficient relay 

selection scheme. The SNR value of the distributed AF SISO relay network can be used for the 

relay selection [61, 62]. Additionally, the SINR value can be used for the relay selection scheme 

of the cooperative distributed AF relay network. However, this is not a convenient method for 

the cooperative distributed AF relay system because it is not easy to find the closed form of a 

common amplifying matrix similar to the sum rate case. As analyzed in previous sections, the 

smaller the MMSE CF value, the better the BER performance. As a result, the MMSE CF 

criterion will be applied, where the MMSE CF calculations will be performed at a CSS.        

 Using equation (2.42), among all MMSE CF values at the destinations, relays will be 

selected for data transmission from the minimum value. Let n relays out of N be selected in an 

orderly fashion from the smallest to the largest MMSE CF value among all calculated MMSE CF 

values, and let the subscript n denote the number of selected relays, where        . For 

instance, when all N relays are selected, the CF       value in equation (2.42) will be used. Only 

the channels corresponding to the selected relays will participate in data transmission. The n 

relays with the minimum MMSE CF          value among all MMSE CF combination values 

for the MMSE relay scheme will be used as 

       
                    

   (2.57) 

where 

     
               

      
          

  
 . (2.58) 

Note that the matrix size of   
  inside     

   of equation (2.58) is        instead of      , 

where the corresponding   
  can be written as  
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. (2.59) 

Here,           in equation (2.59) can be written as 

                
   
 

  
 
 
 

 
       

   
 

  
 
 
 

 
  (2.60) 

where              
  

           . Additionally, the sizes of      
 and      

 are       

and       instead of       and      , respectively, where         

2.7 Simulation Results 

2.7.1 Assumptions 

  Monte Carlo simulation results for cooperative distributed AF MIMO wireless relay 

schemes under TPC, RPC, and NPC are performed. The BER performance using the optimum 

relay amplifying matrices is evaluated with              . The BER is a good criterion 

because the MMSE and ZF criterions are applied in this chapter. Thus, the system BER is 

defined as the average BER over M users. The complex backward and forward channel matrices 

(   and   ) are generated from zero-mean and unit variance i.i.d. complex Gaussian random 

variables. All nodes have the same noise power, i.e.,     
        

      
       

  

       
      

 . The originally transmitted signals at the sources are assumed to the 

modulated using quadrature phase shift keying (QPSK) with unit power, i.e.,     .     

2.7.2 Analysis of Simulation          

  Figure 2.2 shows the MMSE CF       value in equation (2.41) and SCP in equation 

(2.49) versus the number of relays (N) for the cooperative distributed AF relay networks under 

the TPC with M = 2 using the MMSE relay scheme. Simulation results agree well with the 

analysis. As analyzed in Proposition 1, it can be seen in Figure 2.2 that the CF value decreases as 
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N increases for a given M = 2. The smaller the CF value, the smaller the MSE. Additionally, it is 

also observed in Figure 2.2 that the total SCP       
 of the received signal increases as N 

increases for a given M = 2, as expected from Proposition 5. 

 
 

Figure 2.2. MMSE CF       value in equation (2.41) and SCP in equation (2.49) versus number 
of relays for cooperative distributed AF relay networks under TPC with M = 2 using  

MMSE relay scheme. 
 

Figure 2.3 provides the CF      
   value in equation (2.48) and SCP in equation (2.55) 

versus the number of relays (N) for the cooperative distributed AF relay network under the TPC 

with M = 2 using the ZF relay scheme. Unlike the MMSE CF       value, it can be seen in 

Figure 2.3 that the CF       value increases as N increases, as analyzed in Proposition 4. In 

addition, as analyzed in Proposition 6, it is observed in Figure 2.3 that the SCP      increases as 

N increases. 
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Figure 2.3. CF      
   value in equation (2.48) and SCP in equation (2.55) versus number of relays 

for cooperative distributed AF relay networks under TPC with M = 2 using ZF relay scheme. 
 
  Figure 2.4 shows the BER performance versus the number of relays (N = 2 ~ 14) for the 

cooperative distributed AF relay networks under the TPC with different input SNRs as a 

parameter and M = 2 using both MMSE and ZF relay schemes in equations (2.10) and (2.27), 

respectively. As expected from Figures 2.2 and 2.3, the BER performances in both MMSE and 

ZF relay schemes improve by                 and              , respectively, as N increases 

when      because the SCPs       
 and      increase as N increases for a given M. 
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Figure 2.4. BER performance versus number of relays (N) for cooperative distributed AF relay 
networks under TPC with different SNRs as parameters and M = 2 using both MMSE and ZF 

relay schemes in equations (2.10) and (2.27), respectively. 
 
  Figure 2.5 presents the total received signal power at the relay inputs with/without   

versus input SNR for the cooperative AF MIMO wireless relay networks with a different number 

of relays N = 2, 8, and a different number of source-destination pairs M = 2, 4. Similar to the 

case of the received power constraint, the RPC at the relay inputs reduces the total received 

power at the relay inputs using a diagonal weighting matrix   applied at the relay inputs (or the 

source outputs). For example, with the same number N = 8, the total received signal power at the 

relay inputs increases significantly (e.g., 150% indicated by a vertical arrow) as M increases 

from 2 to 4 when   is not applied. However, in contrast to this, when   is applied, the total 

received signal power at the relay inputs is always proportional to N, regardless of increasing M. 

However, if   is not applied, then the total received signal power at the relay inputs increases 

considerably as N increases. 
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Figure 2.5. Total received power at relay inputs with/without   versus input SNR for AF MIMO 
wireless relay networks with different number of relays N = 2, 8 and number of source-

destination pairs M = 2, 4. 
 
  Figure 2.6 shows BER performance versus input SNR for M = 2 AF MIMO wireless 

cooperative relay networks using    in equation (2.10),     
  in equation (2.16),    

  in equation 

(2.27), and    
  in equation (2.31), with N = 8, including the existing one     

  in equation (2.29) 

under power constraints at the relays, which is equation (13) in the work of Krishnan et al. [8]. 

As expected, Figure 2.6 shows that BER performance improves for all schemes as N increases. 

This is because the SCP of the received signals at the destinations under the RPC increases as N 

increases. As analyzed in equations (2.49) and (2.55) in Propositions 5 and 6, simulation results 

agree well with the analysis. Additionally, because                , e.g.,       

           =0.2671 when N = 4, BER performance using     in equation (2.10) is the best 

compared to the other two methods. Furthermore, the proposed MMSE relay scheme shows 

approximately 2 dB and 0.4 dB better SNR at BER       and BER        for M = 2 and N = 

0 5 10 15 20 25 30
0

5

10

15

20

25

30

35

40

SNR (dB)

R
e
c
e
iv

e
d
 p

o
w

e
r 

a
t 

re
la

y
 i
n
p
u
ts

 

 

M=2, N=2 without 

M=2, N=2 with 

M=2, N=8 without 

M=2, N=8 with 

M=4, N=8 without 

M=4, N=8 with 

M=2, N=8 with  and M=4, N=8 with 



44 

8 than the existing ones from the work of Krishnan et al. [8] and Berger and Wittneben [10], 

respectively. And the proposed MMSE relay scheme also shows better performance, e.g., 4 dB 

better SNR at BER       for M = 2 and N = 8, compared to the    
  one. In particular, because 

         , the almost identical BER performance is observed in Figure 2.6, as analyzed in 

Proposition 6. 

 

Figure 2.6. BER performance versus input SNR for M = 2 and N = 8 cooperative AF MIMO 
wireless relay networks using    in equation (2.10),     

  in equation (2.16),    
  in equation 

(2.27), and    
  in equation (2.31), including existing one     

  under TPC in equation (13) in 
work of Krishnan [8] and Berger and Wittneben [10]. 

   
  Figure 2.7 provides the MMSE CF       

   value in equation (2.44) and relay power in 

equation (2.20) versus the number of relays (N) for the cooperative distributed AF relay 

networks under the RPC with M = 2 and     . As analyzed in Proposition 2, it can be seen in 

Figure 2.7 that the MMSE CF value decreases as N increases within a certain N. However, if N is 

large enough, the MMSE CF value under the RPC converges to a constant as N increases 
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(Proposition 2). As a result, the BER performance converges as N increases. This will be verified 

and shown later on in Figure 2.9. In addition, it can be seen in Figure 2.7 that the total power 

usage at the relays drops by        . 

 
 
Figure 2.7. MMSE CF       

   value in equation (2.44) and relay power (RP) in equation (2.20) 
versus number of relays for cooperative distributed AF relay networks under RPC with M = 2. 
 
  Figure 2.8 presents the MMSE CF       

   value in equation (2.46), RP in equation 

(2.23), and SCP in equation (2.56) versus the number of relays (N) for the cooperative distributed 

AF relay networks under NPC with M = 2. The positive scaling factor      is assumed to be 1. 

As analyzed in Proposition 3, it is observed in Figure 2.8 that the MMSE decreases but 

converges as N increases because       in equation (2.56) converges (Proposition 7), i.e., 

               to be large enough. In addition, similar to the RPC, it is also observed in 

Figure 2.8 that the total power usage at the relays drops by approximately        , as 
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analyzed in equation (2.23). Finally, it can be seen in Figure 2.8 that total RP usage at the relays 

converges approximately to M as N increases, as analyzed in Proposition 7. 

 

Figure 2.8. MMSE CF       
   value in equation (2.46), relay power (RP) in equation (2.23), 

and SCP in equation (2.56) versus number of relays for cooperative distributed AF relay 
networks under NPC with M = 2. 

 
  Figure 2.9 presents the BER performance versus the number of relays (N = 4 ~ 40) for the 

cooperative distributed AF relay networks under the RPC and NPC with different input SNRs 

and M = 2 using equations (2.19) and (2.21), respectively. As analyzed in Figures 2.7 and 2.8, 

their BER performances converge as N increases for a given M. Additionally, it can be seen that 

the NPC shows a better BER performance than the RPC when N becomes larger, due to     

                     . However, the RPC is desirable in the green energy environment 

as long as the minimum required SNR can be met.  
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Figure 2.9. BER performance versus number of relays (N) for cooperative distributed AF relay 
networks under RPC and NPC with different input SNRs and M = 2 using equations  

(2.19) and (2.21), respectively. 
 
  Figure 2.10 shows a comparison of BER performance versus an input SNR with relay 

selection n = 3, 4 out of N = 4 relays for cooperative distributed AF MIMO relay networks based 

on the MMSE criterion using     
   in equation (2.59) and M = 2. No relay selection case is 

presented for N = 3 and M = 2. As expected, it is observed in Figure 2.10 that BER performance 

of the all-relay selection improves over that of the no-relay selection with the same number of 

relays used with N = 3 when M = 2 because the best n relays that have the smallest MMSE CF 

value participate in data transmission. Power consumption and bandwidth efficiency of the best n 

relay selection scheme are better than those of the all-relay selection. In addition, through the 

best n relay selection scheme, a higher diversity order in the cooperative distributed AF relay 

system can be achieved.  
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Figure 2.10. BER versus input SNR with relay selection n = 3, 4 out of N = 4 relays and M = 2 for 
cooperative AF MIMO relay networks; no relay selection case presented with N = 3 and M = 2. 

2.7 Conclusions 

  The optimal AF relay amplifying matrices   s based on the MMSE and the ZF criterions 

were found in closed forms for cooperative AF wireless relay networks under the following: (1) 

RPC, (2) RPC, and (3) NPC. It was shown that the constrained MMSE Lagrangian optimization 

is convex with respect to the optimal    and   . Hence,    and    are global optimums. 

  It was observed that the BER gets smaller as the MMSE CF value decreases, i.e., N 

increases, except for the ZF case. It was also observed that the proposed MMSE-based relay 

scheme shows the best BER performance among all relay schemes considered in this chapter. It 

can be seen from both theoretical and simulation results that the gain of diversity order can be 

obtained as N increases in cooperative distributed AF relay networks when the TPC is applied. 

However, when the RPC and NPC with a scaling factor        are applied, the BER 
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performance improves but converges as N increases because the CF value converges as N 

increases. 

 It was also found that the SCP of the received signal at the destinations increases 

proportionally to N − M under the TPC. This causes the BER performance to improve by the 

amount of the SCP as N increases. In addition, the proposed scheme with the explicit optimal 

relay amplifying matrix shows a better performance than existing ones from the work of 

Krishnan [8] and Berger and Wittneben [10]. It was observed that the BER improves but 

converges as N increases because the SCP converges approximately to M as N increases under 

the RPC and NPC. Finally, the novel relay selection scheme using the total MMSE CF criterion 

was presented. The results in this chapter can be useful for designing an energy-efficient relay 

network. 
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CHAPTER 3 
 

ONE-WAY NONCOOPERATIVE DISTRIBUTED AF MIMO RELAY NETWORK 
 
 

3.1 Introduction  

 In this chapter, similar to Chapter 2, the distributed AF MIMO relay network consisting 

of multiple source-destination pairs with multiple distributed relays is studied. All 

communication nodes are assumed to have only a single antenna per node. However, unlike the 

system model in Chapter 2, all relays cannot communicate with each other during data 

transmission. As a result, the relay amplifying matrix is diagonal [9, 11, 12] instead of 

nondiagonal [8, 10].  In [9], the multiuser sum MSE minimization relay strategy was studied to 

determine the diagonal relay amplifying matrix under the NPC. In addition, several authors [11, 

12] have designed the diagonal relay amplifying matrices using different criterions (e.g., capacity 

optimization) with different constraints (e.g., SINR) but not in a closed form. Hence, in this 

chapter, a closed form of a diagonal optimum AF relaying matrix will be derived by the MMSE 

criterion under the TPC at the relays. Furthermore, a diagonal optimum AF relaying matrix under 

the NPC will be derived as a special TPC case, similar to other work [9]. In particular, a diagonal 

optimum AF relaying matrix will be determined under the CU environment.  

 Additionally, using the derived optimal relay amplifying matrices, the MMSE cost 

function and equalization factor behaviors will be investigated numerically and analytically. In 

addition, it will be theoretically and numerically proven that the diversity order with and without 

CU can be achieved as N increases, while the diversity order can be lost as the channel 

estimation error powers increase. In particular, it will be shown that, regardless of N, the MMSE 

CF values with and without CU are always less than M. Finally, using the MMSE criterion, the 
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comparison of the relay selection between the proposed one in this chapter and the existing one 

[61, 62] will be provided for the noncooperative distributed AF SISO relay networks, i.e., M = 1. 

3.2  System Model and Data Transmission 

 A noncooperative distributed AF MIMO relay network consisting of multiple N relays 

between multiple M source-destination pairs is considered in this chapter, as shown in Figure 3.1. 

The relays are shown with separate transmit and receive antennas for illustration convenience. 

Each relay has only one antenna. The complex backward channel matrix between sources and 

relays is denoted by      
   , and a complex forward channel matrix between relays and 

destinations is denoted by      
   . The entries of    and    are i.i.d. zero-mean and unit-

variance circular complex Gaussian and quasi-static Rayleigh fading. Additionally, all data 

symbols, all channel coefficients, and all noise are assumed to be i.i.d. during transmission. Data 

transmission has two stages: Stage I, where sources broadcast a signal vector           

 1       with   2=   2  , and Stage II, where relays retransmit their amplified signals 

received from the sources to destinations multiplied by a diagonal relay amplifying matrix 

        , i.e.,                . Here, the reason why F is diagonal is due to relay 

noncooperation.  
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Figure 3.1. Noncooperative distributed AF MIMO relay network under TPC. 

Hence, the received signal vector          at the relay inputs can be written as  

          (3.1) 

where           is an AWGN vector with zero-mean and covariance    
   . By multiplying the 

diagonal relay amplifying matrix F with the received relay signal vector, the transmitted signal 

vector           at the relay outputs can be written as 

       (3.2) 

with the average total transmitted power as            . Finally, the received signal vector 

         at the destinations can be written as  

           (3.3) 

where     is an AWGN vector with zero-mean and covariance    
   . By substituting equations 

(3.1) and (3.2) into equation (3.3), the received signal vector y can be rewritten as  

                  . (3.4) 

In addition, the signal    at the m-th destination is scaled by a positive factor    to produce the 

estimated       
              . For simplicity, a common scaling factor   is used for all ms. 

Hence, the estimated received signal vector    can be written, using scaling gain factor, as 

         . (3.5) 

As stated earlier, F is diagonal, i.e.,          . Additionally, an     vector           is 

denoted by the diagonal elements of a diagonal matrix A. Hence, using this notation, F can be 

expressed by an     amplifying relay vector          . This notation will be used to 

determine the optimal    based on the MMSE criterion in the next section. In addition, the 

common positive scaling factor   will be determined as well. 
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3.3  Noncooperative Distributed AF Relay Strategies 

 The main objective of this section is to design an optimal diagonal relay amplifying 

matrix at the relays based on the MMSE criterion by constraining the TPC at the relays. 

Minimizing the MSE between the originally transmitted signal vector s from the sources and the 

estimated signal vector    at the destinations under TPC at the relays can be written as 

                      
      (3.6) 

                 (3.7) 

where the CF                     [65] can be written, using the vector form f, as 

             
         

          
         

  

                                 
                

               (3.8) 

where        
        

     and           
   

    Additionally, the average transmit 

power    at the relays can be written as 

           (3.9) 

where       
       

       . For the benefit of determining the optimal    and    such 

that        is minimized with the total relay power constraint, the Hamiltonian formulation [66] 

can be written as 

                              (3.10) 

where   is a variable, called a Lagrangian multiplier, that is introduced to provide a link between 

the cost and the constraint. For notational convenience,          in equation (3.10) is henceforth 

simply stated as     . From equation (3.10), there are three conditions of optimality,      
   

   

     

  
  , and      

  
  , using the linear and nonlinear properties of the complex scalar/vector 

derivatives [66] and the cyclic permutation and linearity of the trace function [72], i.e., 
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                    (3.11) 

       

  
      

         
           

               

                                                                
        (3.12) 

                                   
  

             .  (3.13) 

Using                                  , the optimal solutions            of       in 

equation (3.10) can be obtained, respectively, as  

     
  
       

   
   

      
    

 (3.14) 

     
  
         

 
    

       
 
    

  

  
          

 (3.15) 

     
  
    

    
   

    
   

 
 

  
  (3.16) 

where 

       
    

         
         

   
  

  
  . (3.17) 

Here, the corresponding optimal diagonal relay amplifying matrix    is given by  

     
       

        

   
   

      
    

 (3.18) 

3.4  Analysis and Discussion 

3.4.1 Equalization Factor 

 The optimal    in equation (3.15) is actually an equalization factor to reduce the 

channel effect from equation (3.4), which is the Wiener filter [74], and can be rewritten, using 

equation (3.14), as  
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. (3.19) 

Additionally, it can be seen in equation (3.19) that the optimal equalization factor    is a 

function of backward and forward channel matrices (i.e.,    and   ) with the variances of noise 

at the relay and the destinations.  

3.4.2 Relay Amplifying Matrix 

 Similar to the optimal relay amplifying matrix for the cooperative distributed AF MIMO 

relay network, the optimal    in equation (3.18) (or    in equation (3.14)) for the noncooperative 

distributed AF MIMO relay network is the global optimum because     , consisting of the norm 

function, is a convex cone over F [67]. On the other hand, it can be shown that      is a convex 

cone by using the definition of the convex functions. In other words, it can be proven that 

                   is greater than or equal to                for any    and    in F, 

any          , and any positive   [67]. Additionally,      in equation (3.10) is also convex with 

respect to  . This can be shown by using the second derivative of      regarding   and then 

showing that  
     

   
   [75]. Furthermore, from equations (3.14) and (3.15), the optimal 

diagonal relay amplifying matrix    can be written as  

         
        

      (3.20) 

with the optimal vector form        
   

    . It can be seen in equation (3.20) that relays 

should know the information of all forward and backward channels to determine    at the relays. 

Additionally, each relay needs to know an optimal equalization scaling factor     , which is 

the same for all relays. In practice, this results in a more complicated relaying design. However, 

if one of the relays can properly implement its function as a CSS to supervise the wireless relay 

network and broadcast    to each relay because    is a simple scalar, then a much simpler relay 
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design is feasible. This can be a more practical relaying design and, in particular, one of the 

benefits in the distributed multiuser relaying system. Moreover, this can be applicable in a 

CRAN to improve spectral efficiency because of multipoint processing. 

3.4.3 MMSE Cost Function Behavior 

 Substituting the optimal    in equation (3.14) into the original MMSE CF        in 

equation (3.8), the          can be written as  

             
      

   
   

     . (3.21) 

It can be seen that the MMSE CF          decreases as N increases because the second term 

(i.e.,      
    ) in equation (3.21) increases as N increases. As a result, the smaller BER will be 

achieved as N increases. This will be verified in Section 3.5. Additionally, observe that the 

optimal MMSE CF          in equation (3.21) is always less than M, regardless of N. This will 

also be verified in Section 3.5. 

3.4.4 No Power Constraint  

 It is assumed that power is not intentionally constrained during date transmission, similar 

to the work of Behbahani and Eltawil [9]. Hence, when     and     in equation (3.10), the 

optimal    can be obtained as  

       
             

      (3.22) 

using         and                  where      
       

     

which is equivalent to equation (12) in the work of Behbahani and Eltawil [9], even though the 

final expressions are not equal to each other and different MMSE CFs are applied. In the work of 

Behbahani and Eltawil [9], the optimal diagonal relay amplifying matrix is chosen to minimize 

the MSE between the uncorrupted received signals (not included noises from the relays to the 

destinations) at the destinations and the transmitted signals from the sources, while the MSE 
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between the received signals (including noises from the relays to the destinations) at the 

destinations and the transmitted signals from the sources is minimized in this chapter. In other 

words, the proposed system model with the TPC at the relays can be a more general and practical 

distributed relay system than the one in the work of Behbahani and Eltawil [9] with the NPC. In 

particular, the optimal relay amplifying matrix in their work can be easily derived using the 

proposed system model (i.e., using equation (3.10) with     and    ) in this chapter. 

3.4.5 Channel Uncertainty 

 Due to channel estimation errors (i.e., CUs), the estimates of complex channel matrices 

      
    and            must be used instead of true backward and forward channel complex 

matrices    and  , respectively. Let      
    and      

    denote the corresponding 

channel estimation error matrices. Additionally, the entries of    and    are assumed to be 

complex i.i.d. zero-mean Gaussian random variables and spatially white with variance    
  and 

   
 , respectively. Hence, the estimated backward and forward complex channel matrices can be 

represented, respectively, as  

            and          . (3.23) 

Using equation (3.23), the received complex signal column vector           at the destination 

nodes under CU can be written as  

                                                                          . (3.24) 

 Similar to the case of no CU, the Hamiltonian formulation can be applied to determine 

the optimal diagonal relay amplifying matrix    under CU with the TPC at the relays as 

                              (3.25) 

where  
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               (3.26) 

where           
             

           
                  

    
      

 and     

        
    

  . Following the same procedures as the no CU case, the optimal solutions 

           of          in equation (3.25) can obtained, respectively, as  

     
  
        

    
   

      
     

 (3.27) 

        

   
    

   
      

     

 (3.28) 

     
  
    

     
   

  
      

 

  
  (3.29) 

where  

              
     

                      
      

    
           

   
  

  
   (3.30) 

with the corresponding optimal diagonal relay amplifying matrix    given by 

     
       

         

    
   

      
     

. (3.31) 

Note that the optimal equalization factor    in equation (3.28) is a function of estimated 

backward and forward channel matrices (i.e.,     and    ) with the variances (i.e.,     
     

      
  

       
 ) of noise at the relays and the destinations, and of the channel estimation error. 

Additionally, a CSS supervises the distributed relay network and broadcasts    to each relay. 

Note also that the           in equation (3.26) can be written, using the derived optimal    in 

equation (3.27), as 

             
      

    
   

      . (3.32) 
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It can be seen in equation (3.32) that the MMSE CF          decreases as N increases for a 

given    
  and    

 . However, as    
  and    

  increase, the          increases for a given N due 

to the inverse term   
   in equation (3.32). As a result, the worse BER performance will be 

observed as    
  and    

  increase because the CF in this chapter is defined as the MMSE [66]. 

Additionally, similar to the no CU case, the optimal MMSE CF           in equation (3.32) is 

always less than M, regardless of N. This will be also verified in Section 3.5. Finally, it can be 

verified that equation (3.27) reduces to equation (3.14) in the case of no CU, i.e.,    
     

   .  

 As special cases, during data transmission, either backward or forward channel links can 

be uncertain. Hence, the optimal diagonal relay amplifying matrices    
  under CU and TPC at 

the relays for only backward channel links when    
    , and    

  under CU and TPC at the 

relays for only forward channel links when    
    are written, respectively, as  

     
  

       
         

    
   

      
     

 (3.33) 

     
  

       
         

    
   

      
     

 (3.34) 

where 

       
     

               
   
  

  
   (3.35) 

         
    

          
              

    
      

    
          

   
  

  
   (3.36) 

             
    

   (3.37) 

              
   

  . (3.38) 
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3.5 Simulation Results 

3.5.1 Assumptions 

 This section provides various Monte-Carlo simulation results, such as MMSE and BER 

performances, with and without CU and with the TPC at the relays by applying the derived 

optimal relay amplifying matrices. It is assumed that the originally transmitted signals from the 

sources are modulated by quadrature phase shift keying with unity power. The complex 

backward and forward channel matrixes    and    are created from i.i.d. Gaussian random 

variables. The total TPC at the relays is set to      with     and         . It is assumed 

that all nodes have the same thermal noise power, i.e.,    
     

 . Additionally, two different 

uncertain channel conditions, i.e., 2.5% and 5% channel estimation error power, are generated as 

i.i.d. zero-mean complex Gaussian and spatially white with variances           
     

   

           
     

                   , respectively. 

3.5.2 Analysis of Simulation 

 Figure 3.2 shows the MMSE CF behavior for     and input      , 10 dB versus 

the number of relays            in the noncooperative distributed AF MIMO wireless relay 

network under the TPC at the relays using different relay amplifying matrices in equations (3.8) 

and (3.26) without CU (i.e.,    
     

   ) and with CU     
       

    . As shown in 

Figure 3.2, the MMSE decreases as N increases, as analyzed. However, as    
  and    

  increase, 

the MMSE increases, as analyzed. As result, the better BER performance is observed as N 

increases, while the worse BER performance is observed as    
  and    

  increase because the CF 

in this chapter is defined as the MSE. This will be verified in Figure 3.3.  
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Figure 3.2. MMSE for M = 2 and input SNR = 5, 10 dB versus number of relays (N = 2 ~ 20) in 
noncooperative distributed AF MIMO relay network under TPC at relays using different relay 

amplifying matrices in equations (3.8) and (3.26) with and without CU. 
 
 Figure 3.3 provides the MMSE CF behavior for     and input      10 dB versus 

the number of relays            in the noncooperative distributed AF MIMO wireless relay 

network under the TPC at the relays using different relay amplifying matrices in equations (3.26), 

(3.33),  and (3.34) with CU, i.e., (   
     

      ),  (   
           

   ),  and (   
  

      
      ). As shown in Figure 3.3, if the backward channel links are uncertain, then the 

BER performance is worse than the case where the forward channel links are uncertain. 

Additionally, due to the effect of uncertain channel conditions on both backward and forward 

channel links, as shown in Figures 3.2 and 3.3, the worst MMSE is observed when both 

backward and forward channel links are uncertain. In particular, it can be seen from Figures 3.2 

and 3.3 that, regardless of N, the MMSE CF values of both with and without CU cases are 

always less than M, as analyzed.  
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Figure 3.3. MMSE for M = 2 and input SNR = 10 dB versus number of relays (N = 2 ~ 20) in 
noncooperative distributed AF MIMO relay network under TPC at relays using different  

relay amplifying matrices in equations (3.26), (3.33), and (3.34) with CU. 
 
 Figure 3.4 presents the BER performance for     and input SNR = 5, 10 dB versus the 

number of relays            in the noncooperative distributed AF MIMO wireless relay 

network under the TPC at the relays using the relay amplifying matrix in equation (3.14) without 

CU. As analyzed in Figure 3.2, it can be seen in Figure 3.4 that the BER performance improves 

as N increases and as the input SNR increases. 
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Figure 3.4. BER for M = 2 and input SNR = 5, 10 dB versus number of relays (N = 2 ~ 20) in 
noncooperative distributed AF MIMO relay network under TPC at relays using equation  

(3.14) without CU. 
 
 Figure 3.5 presents the BER performance for     and input SNR = 5, 10 dB versus the 

number of relays            in the noncooperative distributed AF MIMO wireless relay 

network under the TPC at the relays using different relay amplifying matrices in equations (3.27), 

(3.33), and (3.34) with CU, i.e., (    
     

       ), (    
     

      ), (    
  

         
   ),  and (   

        
      ). The BER performance degrades as    

  and    
  

increase, as shown in Figure 3.5. Additionally, if the backward channel links are imperfect, then 

the BER performance is worse than the case where the forward channel links are imperfect. 

Finally, the worst BER performance is observed when both backward and forward channel links 

are imperfect during data transmission. 
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Figure 3.5. BER for M = 2 and input SNR = 10 dB versus number of relays (N = 2 ~ 12) in 
noncooperative distributed AF MIMO relay network under TPC at relays using different 

relay amplifying matrices in equations (3.27), (3.33), and (3.34) with CU. 
 
 Figure 3.6 provides the BER comparison for     and input             versus the 

number of relays            in noncooperative distributed AF MIMO relay network under 

TPC at relays using equation (3.27) with CU, i.e.,    
     

         when both compensation 

and no compensation of CU are applied. As shown in Figure 3.6, the better BER performance is 

observed when channel uncertainty compensation is applied during data transmission, compared 

to the one when channel uncertainty compensation is not used. Additionally, the BER difference 

between the two results will get larger as either N or input SNR increases. 
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Figure 3.6. BER for M = 2 and input SNR = 8, 10 dB versus number of relays (N = 2 ~ 12) in 
noncooperative distributed AF MIMO relay network under TPC at relays using equation 

(3.27) when both compensation and no compensation of CU are applied. 
 
 Figure 3.7 provides the BER comparison for     and input          versus the 

number of relays            in a noncooperative distributed AF MIMO relay network under 

TPC at the relays and NPC using equations (3.14) and (3.22) (or the work of Behbahani and 

Eltawil [9]) with no CU, i.e.,    
     

   . The better BER performance is observed when 

power is constrained at the relays during data transmission, compared to the NPC case. In 

addition, as shown in Figures 3.4 and 3.7, when power is constrained at the relays, the BER 

performance enhances as N increases. However, in contrast to this, as N increases, the BER 

performance converges when power is not constrained during data transmission. For these 

reasons, the proposed distributed relaying system with the relay power constraint can be a more 

beneficial and practical relay system than the one in the work of Behbahani and Eltawil [9] with 

the NPC. 
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Figure 3.7. BER for M = 1 and input SNR = 5 dB versus number of relays (N = 2 ~ 12) in 
noncooperative distributed AF MIMO relay network under TPC at relays and NPC  

using equations (3.14) and (3.22) (or the work of Behbahani and Eltawil [9]) without CU. 
 

 Figure 3.8 shows the BER performance versus input SNR with relay selection n = 3 out 

of N = 5 relays for both cooperative and noncooperative distributed AF SISO relay networks 

under no CU. The existing one in the work of Jing and Jafarkhani [61] (or [62]) is also presented. 

Similar to the cooperative distributed AF relay network discussed in Chapter 2, the MMSE CF 

criterion was used for the relay selection. A significantly higher gain can be achieved using the 

proposed relay selection scheme for both cooperative and noncooperative distributed AF SISO 

relay networks than the existing one in the work of Jing and Jafarkhani [61] (or [62]) because the 

optimum AF relaying matrix is recalculated and used for the selected relays. In addition, the 

BER performance of the cooperative relay selection scheme is the best compared to the two 

noncooperative schemes considered for a given N because of the relays’ cooperation. However, 

the complexity of the cooperative relay selection scheme would be higher than the 
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noncooperative one in this chapter and the existing one in the work of Jing and Jafarkhani [61] 

because the cooperative AF relay network is used, i.e., the nondiagonal relay amplifying matrix 

F is applied for the cooperative AF relay network, whereas the diagonal relay amplifying matrix 

F is employed for the noncooperative AF relay network. Finally, the noncooperative relay 

selection scheme in this chapter outperforms, e.g., 4 dB better in SNR at BER = 10−2, the 

existing noncooperative one in the work of Jing and Jafarkhani [61], based on the relay ordering. 

 

Figure 3.8. BER for M = 1 versus input SNR with relay selection n = 3 out of N = 5 relays for  
both cooperative and noncooperative distributed AF SISO relay networks under no CU; 

existing one in work of Jing and Jafarkhani [61] (or [62]) also presented. 
 
3.6 Conclusion 

 This chapter derived optimum relay amplifying matrices with and without CU and with 

the TPC at the relays using the MMSE criterion. As proven by the good agreement between the 

theoretical results and the simulation results, the gain of diversity order with and without CU can 

occur as N increases, while the loss of diversity order can occur as the channel estimation error 
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powers increase. Additionally, it was observed that the CU of the backward channel links is 

more critical than that of the forward channel links. In addition, the MMSE CF values with and 

without CU are always less than M, regardless of N. Finally, the noncooperative relay selection 

scheme using the proposed MMSE CF criterion outperforms the existing one in the work of Jing 

and Jafarkhani [61]. 
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CHAPTER 4 
 

ONE-WAY NONCOOPEATIVE AF MIMO DISTRIBUTED RELAY NETWORK 
 
 

4.1 Introduction  

 The work of Joung and Sayed [39] considered a cooperative AF MIMO relay network 

consisting of a relay with multiple antennas between a source-destination pair with multiple 

antennas. In Chapters 2 and 3 of this dissertation, cooperative and noncooperative distributed AF 

MIMO relay networks consisting of multiple source-destination pairs with multiple distributed 

relays were studied. All communication nodes have only a single antenna per node. In this 

chapter, the source and destination of the system model in the work of Joung and Sayed [39] and 

the relays of Chapters 3 and 4 in this dissertation will be taken, respectively, to study a 

noncooperative AF MIMO distributed relay network consisting of multiple relays with only a 

single antenna per relay between a source-destination pair with multiple antennas. The main 

difference between the system model in the work of Joung and Sayed [39] and the system model 

discussed in this chapter is the distribution of relays. In the work of Joung and Sayed [39], only 

one relay with multiple antennas was considered, while distributed multiple relays with only a 

single antenna per relay are considered in this chapter. In the work of Wang et al. [34], this 

system model was studied for the two-way AF MIMO distributed relay network. Hence, the two-

way AF MIMO distributed relay network will also be investigated in Chapter 5 of this 

dissertation to compare the proposed scheme with the existing one in the work of Wang et al. 

[34]. However, first, in this chapter, only the one-way AF MIMO distributed relay network will 

be studied.  

 The noncooperative AF wireless distributed relay network in this chapter can be 

applicable to a small cell station communication system. For instance, the distributed relay 
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network considered in this chapter may be useful if a small cell station with multiple antennas 

cannot be connected to a back haul and wishes to send data to another similar cell station located 

far away with no availability of direct link. The purpose of this chapter is to determine optimum 

AF relay amplifying matrices and transmit/receive beamforming vectors using the MMSE 

criterion. Similar to the work of Joung and Sayed [39], the transmit power and aggregate power 

of source and relays are constrained. This chapter also presents relay amplifying matrices using 

both eigen and equal-gain transmit/receive beamforming vectors based on the maximum SNR 

and zero-forcing criterions, similar to other work [76, 77]. 

 This chapter will also show that the MMSE criterion is equivalent to the maximum SNR 

criterion. Furthermore, this chapter shows the relationship between the AR and MMSE. 

Additionally, this chapter proposes an iterative algorithm for the AF beamforming distributed 

relaying system to solve the optimization problem. This chapter will report on the behaviors of 

BERs and ARs as the number of relays N increases and then conclude that the best performance 

can be achieved when the beamforming vector obtained by the MMSE criterion is applied under 

the TPC. In addition, this chapter will investigate the equalizer, relay amplifying matrix, SNR, 

and MMSE CF behaviors numerically and analytically. It will be proven that the MMSE CF 

values are always less than 1, regardless of N. 

4.2 System Model and Data Transmission 

 Figure 4.1 presents a one-way noncooperative AF MINO distributed relay network 

consisting of a source-destination pair and distributed multiple relays      . The source and 

destination have M and L antennas, respectively, where M and L are greater than or equal to 2 for 

beamforming purposes, while each relay is equipped with only a single antenna. For illustration 

convenience, the relay is shown with separate transmit and receive antennas. The proposed 
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system model consisting of relays that are geographically distributed can be more practical than 

the one in the work of Joung and Sayed [39], where a single relay with multiple antennas was 

considered. The complex backward channel matrix between a source of M antennas and N 

distributed relays of one antenna per relay is represented by       , and a complex forward 

channel matrix between the N distributed relays and a destination of L antennas is denoted by 

      . The entries (e.g.,      and     ) of G and H are i.i.d. zero-mean and unit-variance 

circular complex Gaussian and quasi-static Rayleigh fading, where           

                 . Assume that all channels are available at a CSS in a small cell station 

communication network and that the CSS can compute the optimal relay amplifying matrices (or 

relay amplifying coefficients) using the proposed one in this chapter and broadcast them to the 

relays. This may be realizable in a 5G CRAN system if the N distributed relays and the CSS are 

connected through optical fibers. Additionally, path loss from the influences on large-scale 

fading and shadowing can be taken into account by adjusting the statistics of the      and     . 

 

Figure 4.1. One-way noncooperative AF MIMO distributed relay network. 

 As shown in Figure 4.1, the one-way noncooperative AF MIMO distributed relay 

network has two stages: Stages I, where the source broadcasts the signal vector       , which 

is obtained by multiplying a source data symbol d with a transmit beamforming vector       , 

and Stage II, where all relays retransmit their amplified signal vector   to a destination after 

multiplying a diagonal relay amplifying matrix        to the received vector  . Here, the 
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reason why F is diagonal is that multiple relays with only a single antenna per relay are 

arbitrarily distributed, as shown in Figure 4.1. This is also due to relay noncooperation. Hence, 

the transmitted symbol vector   from the source is given by 

       (4.1) 

where        is a data symbol with           
 , and the average total transmitted source 

power is           . The received signal vector        at the relay inputs can be written as 

          (4.2) 

where         is an AWGN vector with zero-mean and covariance of    
   . By multiplying 

the diagonal relay amplifying matrix  , i.e.,                         or            with 

the received signal vector, the transmitted signal vector at the relay outputs is given by 

       (4.3) 

with the average total transmitted relay power           . Finally, the received signal vector 

       at the destination is written as 

          (4.4) 

where         is an AWGN vector with zero-mean and covariance    
   . Therefore, the 

detected data symbol           applying a receiver beamforming column vector        can be 

expected to be  

       . (4.5) 

By substituting equations (4.3) and (4.4) into equation (4.5), the detected data symbol    can be 

rewritten as  

                     . (4.6) 

In equation (4.6), the receiver beamforming vector can be represented as  

          (4.7) 
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where     is a positive scaling factor that will be the same for all antennas at the destination, and 

   is a normalized beamforming vector satisfying     
 
   [79]. In this chapter, two 

beamforming strategies—at the source and at the destination—will be studied. One is the 

beamforming strategy based on the MSE denoted by BFMSE, and the other is the beamforming 

strategy based on the singular value decomposition (SVD) denoted by BFSVD. The BFMSE 

means that the transmit beamforming vector at the source and the receive beamforming vector at 

the destination are determined by minimizing the MSE at the destination. Furthermore, the 

BFSVD means that the transmit/receive beamforming vectors are determined by using the largest 

singular values of the backward and forward channels (i.e., H and G), with the assumption that 

backward and forward channel information are given at the source and the destination, 

respectively. 

4.3 BFMSE Strategies 

4.3.1 Transmit Power Constraint 

 The leading aim of this section, outlined here, is to determine an optimal transmit 

beamforming vector at the source, an optimal diagonal relay amplifying matrix at the relays, and 

an optimal receive beamforming vector at the destination, based on the MMSE criterion by 

constraining the transmit power at the source and relays, individually and independently. 

Minimizing the MSE between the originally transmit signal d from the source and the detected 

signal    at the destination under the TPC at the source and the relays can be written, using the 

vector from             , as 

                                  (4.8) 

                 and            (4.9) 

where the CF                          in the work of Poor [65] is defined as 
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 . (4.10) 

Hence, with the assumption of the i.i.d. data symbols, the i.i.d. complex channel coefficients, and 

the i.i.d. noise samples,          in equation (4.10) can be written as  

            
         

           
                  

       
     

          

                              
            

   (4.11) 

where                                , and             
  . Using the linearity of 

the trace function, the average total transmit power    at the source and average total transmit 

power    at the relays can be constrained, respectively, as 

       
     and        

   (4.12) 

where       
            

   . For the sake of determining the optimal              

such that          is separatively and independently minimized under the TPCs at both the 

source and the relays, the Hamiltonian formulation [66] can be written as  

                                     
               

       (4.13) 

where    and    are variables, called Lagrangian multipliers, that are introduced to provide a link 

between the cost and the constraints. For notational convenience,                   in equation 

(4.13) is henceforth simply stated as     , i.e.,                       . Even though      in 

equation (4.13) is not guaranteed to be jointly convex with respect to the variables 

                 , it is obviously convex regarding each of the variables. Using the definition of 

the convex functions, it can be shown that      is a convex cone over        . For example, it 

can be proven that                   is greater than or equal to                for any 

   and    in f, any        , and any positive    and    [67]. Additionally,      in equation 

(4.13) is also convex over  . This can be shown by using the second derivative of      with 
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respect to   and then showing that  
     

   
   [75]. Hence, alternating minimization procedures, 

where variables are optimized one at a time while keeping all others fixed, are applicable to 

obtain a feasible local optimum [80] (see Section 4.6). Equation (4.13) yields six conditions of 

optimality as      

   
   

     

   
   

     

   
   

     

   
   

     

   
       

     

  
  , using the 

linear and nonlinear properties of the complex scalar/vector derivatives [81] and the cyclic 

permutation and linearity of the trace function [68], i.e., 

      

   
      

    
          

             
        

      (4.14) 

      

   
                      

           
                 (4.15) 

      

   
                    

   
            

   
       

        (4.16) 

      

   
     

        (4.17) 

      

   
            (4.18) 

      

  
     

                 
    

          
               

      . (4.19) 

Using equation (4.14), the     relay amplifying column vector f can be written as 

      
          

    
  
    (4.20) 

where       
    

          
         . As shown in equation (4.20), determining the 

Lagrangian multiplier    and the positive scaling factor   is a formidable task, due to the matrix 

inversion in equation (4.20). Therefore, for the benefit of obtaining the optimal   , we introduce 

a positive scalar  , using equation (4.20), as  

              
      (4.21) 
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which is the key to finding the optimal   
  and    inside the matrix inversion in equation (4.20). 

Hence, using equations (4.18), (4.20), and (4.21),   can be rewritten as 

      
                  

   . (4.22) 

Using the fact that                when             , which can be verified by 

substituting equation (4.20) into equation (4.19), equation (4.19) can be rewritten as  

    
                  

      . (4.23) 

Comparing equation (4.22) with equation (4.23) and using equation (4.18), the optimal   
  and    

can be written, respectively, as 

    
  

  
    

    
   

   
        

 

 

  
  (4.24) 

        

   
    

    
       

     

 (4.25) 

where            
   

      
 
  . Substituting equation (4.25) into equation (4.20), the 

optimal relay amplifying column vector    can be written as  

     
   
        

    
    

       
     

. (4.26) 

Using equation (4.15), the     transmit beamforming column vector a can be written as  

                        
           

    
  
         . (4.27) 

Similarly, due to the matrix inversion in equation (4.27), determining the Lagrangian multiplier 

   is a formidable task. However, following the same procedures as   , and using equations 

(4.17) and (4.27), the optimal   
  can be written as  

    
  

   
        

 
    

   
      

 
     

  

    
. (4.28) 
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Using equations (4.27) and (4.28), and the Woodbury’s identity, i.e.,               

                        [82], the optimal    can be written as 

     
                   

           
    

  
 

                                         
  
         

. (4.29) 

Similar to the derivation of the optimal   , using the matrix inversion lemma and equation (4.16), 

the optimal     can be written as 

      
            

           
    

  
 

  
               

           
    

  
    

. (4.30) 

Replacing         , the optimal solutions             
    

   of      in equation (4.11) for the 

AF beamforming distributed relay network under the TPCs at the source and the relays can be 

written, respectively, as 

     
  
       

   
   

      
    

 (4.31) 

     
  
    

     
    

 (4.32) 

     
    

  

      
   

 (4.33) 

    
  

   
       

  
 

   
    

          
 

    
 (4.34) 

    
  

   
     

  
 (4.35) 

where 

       
    

         
         (4.36) 

           
   

         (4.37) 

        
   

                
   

             
   

           
     (4.38) 
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     (4.39) 

where                               
           and         Here, the 

corresponding optimal diagonal relay amplifying matrix    is given by            . 

 Note that optimal solutions in the case of either only the source constraint or only the 

relay power constraint can be derived, using equation (4.13), as special cases by letting either    

or    be zero. For example, optimal solutions under the power constraint only at the relays are 

the same solutions as the TPC case, except for the optimal transmit beamforming vector   , 

which is written as  

     
        

  
  

   
   

                    
. (4.40) 

Additionally, optimal solutions under the TPC only at the source are written, respectively, as  

       
     (4.41) 

     
  

    
           

        
      

. (4.42) 

Here, the optimal receive beamforming vector    is the same as the one in equation (4.33). 

4.3.2 Aggregate Power Constraint  

 In this subsection, a set of MMSE-based beamforming vectors and a relay amplifying 

matrix is derived, when an aggregate power constraint is globally imposed on the source and the 

relays. Hence, this optimization problem can be defined as  

                   
   

          
            (4.43) 

                         (4.44) 

where    stands for the APC at the source and the relays, i.e., the sum of the source transmit 

power and the relay transmit power. Hence, using the Lagrangian multiplier   , the Hamiltonian 
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formulation [66] can be written as  

                                     
              . (4.45) 

Following the previous procedures and replacing      , the optimal solutions of 

               in equation (4.45) for the AF beamforming distributed relay system under the 

APC at the source and the relays can be written, respectively, as  

     
  
          

     

   
   

      
    

 (4.46) 

     
  
    

     
    

 (4.47) 

     
    

  

      
   

 (4.48) 

    
  

  
    

       
   

      
    

      
      

  (4.49) 

     
      

     

  
    

   
      

    

 (4.50) 

where 

           
           

           (4.51) 

     
   
           

     

      
     

            . (4.52) 

4.4 BFSVD Strategies 

4.4.1 Eigen Beamforming 

4.4.1.1 Maximization of SNR Criterion 

 Unlike in the previous section, the transmit and receive beamforming vectors by using the 

largest singular values of the backward and forward channels will be determined in this section. 

If source and destination have perfect knowledge of backward and forward channels, 
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respectively, then EB can be employed [76]. Hence, the eigen transmit and receive beamforming 

vectors at the source and the destination can be defined as a candidate which may not be 

optimum, respectively, as  

       and      (4.53) 

where    is the right singular vector corresponding to the largest singular value of G, and    is 

the left singular vector corresponding to the largest singular value of H. The eigen transmit 

beamforming vector at the source satisfies the TPC at the source in equation (4.12) because a 

singular vector is a unit norm vector. As proven in Section 4.5.4, minimizing the MSE is 

equivalent to maximizing the SNR because only a data symbol is transmitted from the source per 

time slot. With this fact, the optimal relay amplifying matrix under the TPC at the relays can be 

designed based on the maximum SNR criterion. Using equation (4.53) and the generalized 

Rayleigh quotient [83], the desired SNR maximization problem at the destination can be written 

as  

                   
     

    
 (4.54) 

where 

            
        

              (4.55) 

          
   
     

 

  
   

       (4.56) 

     
   
 

  
  

   
     (4.57) 

      
      

       
   . (4.58) 

Here,   is an     real symmetric positive definitive and Hermitian matrix with rank N, and 

   is also an     positive definitive and Hermitian matrix with rank 1. Additionally, using the 

given conditions of        can be decomposed by Cholesky factorization [69], i.e.,    
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     where    is a     row vector, i.e.,                 . Hence, using the Cholesky 

decomposition of the matrix, maximizing the generalized Rayleigh quotient can be reduced to 

the Rayleigh-Ritz ratio as 

                    
      

     
 (4.59) 

where     
      

        
             

 . Here,    is the Cholesky decomposition of 

matrix  . Additionally, B is an     positive definitive and Hermitian matrix with rank 1 and 

only one positive eigenvalue, which is the largest eigenvalue of B denoted by          . Hence, 

under the given conditions of B, the Rayleigh quotient in equation (4.59) can be rewritten as 

        

     
           (4.60) 

if              where         is the principle eigenvector corresponding to the eigenvalue 

         , and   is a positive constant. Here, the principle eigenvector of         in equation 

(4.60) is        
               

    
 . Finally, the optimal    for the SNR maximization 

scheme can be written as  

           
 . (4.61) 

The   in equation (4.61) is, in fact, used to adjust the average total transmit power usage    at 

the relays as 

              . (4.62) 

Thus, substituting equation (4.61) into equation (4.62),   in equation (4.61) can be obtained as 

       

                
. (4.64) 

4.4.1.2 ZF Criterion 

 For the purpose of applying the ZF criterion with eigen transmit/receiver beamforming 

vectors, the detected data symbol    in equation (4.6) can be simplified as 



82 

                      (4.65) 

where               and              . Hence, applying the ZF criterion, the 

detected data symbol    in equation (4.6) can be simplified as  

                       
          

         (4.66) 

where the diagonal               
          

   is generated by the product of the backward 

channel ZF filter and forward channel ZF filter with             
          

   
  

, and a 

positive relay power normalizing factor     is determined by the total relay transmission power 

  . Additionally,               
          

   can be rewritten as  

             (4.67) 

where                        
          

   . Hence,     in equation (4.67) can be written 

as 

       
     

   
           

 (4.68) 

where      
     

     
   . Accordingly, the explicitly optimal    for ZF strategies with eigen 

transmit/receive beamforming vectors can be written as  

     
      

    
           

. (4.69) 

4.4.2 Equal Gain Beamforming 

4.4.2.1 Maximization of  SNR Criterion 

 In the maximum ratio transmission beamforming scheme, the transmit beamforming 

vector a at the source can be any unit norm vector. Hence, for equal-gain beamforming, each 

transmit antenna m is set to have an equal weight    with           [77]. Also, in the 

maximum ratio-combining-beamforming scheme, the receive beamforming vector b at the 
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destination can be any unit norm vector. So, each receive antenna l is also set to have equal 

weight    with          . Therefore, equal-gain beamforming vectors can be defined as  

    
 

  
             

 
and    

  
              (4.70) 

where              and              can be designed from the CSI of backward and forward 

channels [77]. In fact, the CSI is not necessary for the source in the equal-gain beamforming 

scheme. Similar to the EB vector case in equation (4.64), using the maximum SNR optimization, 

the explicitly optimal    under the TPC at the relays can be obtained as  

     
   

 
   

  

              
     

 (4.71) 

where 

                (4.72) 

          
   
     

  
   

        (4.73) 

     
   
 

  
  

      (4.74) 

      
           

   . (4.75) 

Here, the SNR at the destination for the equal gain beamforming scheme is      
   . 

Additionally, because        
       

   , system performance with the EB strategy will be 

better than the one with the equal-gain beamforming strategy. 

4.4.2.2 ZF Criterion 

 Similar to the EB strategy in equation (4.69), the optimal    for ZF strategies with equal-

gain transmit/receive beamforming vectors can be written as 

     
      

    
           

 (4.76) 
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where                 
         

                                     and    

  
     

     
          . 

4.5 Analysis and Discussion 

4.5.1 Equalizer Behavior 

4.5.1.1 Transmit Power Constraint 

 The optimal    in equation (4.25) is, in fact, an equalization factor to reduce the channel 

effect from equation (4.6), which is the Wiener filter [74]. Hence, the optimal    can be 

rewritten, using equation (4.19), as  

                                                     
       

  
         

 
    

       
 
    

     
 .        (4.77) 

From equation (4.77), it can be seen that the optimal    in equation (4.77) can be written as 

        

   
    

    
       

     

, (4.78) 

which is the one in equation (4.25). Using the optimal solutions of      in equation (4.13), the 

optimal    in equation (4.78) can be reexpressed as  

     
    

                
 . (4.79) 

Here, recall that       . Furthermore, by substituting the optimal    in equation (4.79) into 

the optimal    in equation (4.31), the optimal    can be simply written as  

          
        

    . (4.80) 

4.5.1.2 Aggregate Power Constraint 

 Similar to the case of the TPC in equation (4.80), the optimal    in equation (4.46) can be 

simply written as  

           
        

     (4.81) 
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where           
           

    
       

      
 

  and            
     

 
      

         

  . 

4.5.2 Relay Amplifying Matrix Behavior 

4.5.2.1 Transmit Power Constraint 

 As shown in equation (4.80), it is difficult to directly investigate the behavior of the 

optimal    because of the Handamard product inside the inverse of   . Hence, after eliminating 

the Hadamard product in equation (4.31) (or equation (4.80)), the optimal    under the TPC at 

the source and the relays can be written as 

         
                     (4.82) 

where 

     
   

             
      

               
 (4.83) 

        
                      

   
         (4.84) 

       
                      

   . (4.85) 

Here,    in equation (4.84) is defined as                  . Hence, from equation (4.82), the i-

th optimal relay coefficient in the i-th relay can be written as 

         
         

  
     

    
  

       
  (4.86) 

where 

          
         

 
    

 
 

   
     

  
   

         
 
    

 
    

  . (4.87) 

As shown in equation (4.86), each relay in a noncooperative AF beamforming distributed 

relaying system depends on only its local backward and forward channels. Additionally, each 

relay needs to know a positive scalar factor     , which is the same for all relays. In this case, 
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there is no need for all relays to have knowledge of its global channel knowledge. If one of the 

relays can properly carry out its function as a CSS to supervise the relay network in the small cell 

station communication system and broadcast    to each relay because    is a simple scalar, then 

a simple relay design is feasible. This can be a more practical relaying design than a relay 

network that requires all CSI at each relay. This can be one of the benefits in the proposed 

distributed beamforming relaying system. Moreover, this can be applicable in a CRAN to 

improve spectral efficiency. 

4.5.2.2 Aggregate Power Constraint 

 Similar to the case of the TPC in equation (4.82), the optimal diagonal relay amplifying 

matrix    under the APC can be written as 

          
                     (4.88) 

where 

     
   

             
      

               
 (4.89) 

        
                      

       
              . (4.90) 

Here,    in equation (4.90) is defined as                  . Therefore, from equation (4.88), 

the i-th optimal relay coefficient at the i-th relay can be written as  

         
         

  
     

    
  

       
  (4.91) 

where 

          
         

 
    

 
 

   
     

       
   

         
 
    

 
    

  . (4.92) 

Similarly, each relay in a noncooperative AF beamforming distributed relaying system depends 

on only its local backward and forward channels, as shown in equation (4.91), when a relay 

behaving as a CSS can broadcast   . 
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4.5.3 SNR Behavior 

 To investigate the SNR behavior at the destination, the detected data symbol    at the 

destination in equation (4.6) is rewritten as 

                                 (4.93) 

where           , and               . Using equation (4.93), the SNR at the 

destination for the noncooperative AF beamforming distributed relay system can be written as  

       
  
       

 

     
  

  
         

   
           

     
 

                                                                

     
     

   . (4.94) 

Observe in equation (4.94) that the SNR increases as N increases, as expected. With the 

assumption that       
   

            
   

        
   

          for the high input SNR 

at the destination, it can be shown that the          
   

       . Using equation (4.94) with no 

high-input SNR assumption, the AR   of the one-way AF beamforming distributed relay 

network under the TPC at the source and the relays, can be written as  

    
 

 
            

 

 
           

    . (4.95) 

As analyzed in equation (4.94), it can be shown that   increases as N increases. This analytical 

result will be verified in Section 4.6. Here, the factor   
 
  in equation (4.95) is to the result of 

using an AF HD relay. 

 Note that the SNR at the destination under the APC can be similarly expressed as 

    
   . However, due to the fact that the optimal     under the APC and TPC are different 

from each other, the corresponding SNR values are not equal, even though they have the same 

expression. In particular, the SNR value under the TPC is larger than the one under the APC. As 

a result, the system under the TPC shows better performance than the one under the APC. 
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4.5.4 MMSE CF Behavior 

 Using the optimal solutions of      in equation (4.13), the MMSE CF             in 

equation (4.10) can be written as  

              
               

           
       

            
       

 
   

  

                            
  
 

     
.   (4.96) 

Observe that             in equation (4.96) decreases as N increases because the SNR increases 

as N increases. Hence, for the AF beamforming distributed relay system, the MMSE criterion is 

equivalent to the maximum SNR criterion at the destination. In fact, this relationship is valid 

because only a data symbol is originally transmitted from the source per time slot. Furthermore, 

to have better insight into equation (4.96),             under the TPC can be rewritten as 

               
  

      
  

 

     
 
          

    
  

     
   

 

  
    

  
    

  
    (4.97) 

where             , which is the power of the received signal at the destination, and 

    
                        with unity power of the originally transmitted data 

symbol. Observe that             in equation (4.97) is always less than 1, regardless of N, 

because         in equation (4.97). This will be verified in Section 4.6. Similar to the case 

of the SNR value in subsection 4.5.3, both MMSE CF expressions under the TPC and the APC 

are equal. However, the MMSE CF value under the TPC is smaller than the one under the APC. 

4.5.5 Relationship between             and   

 Using equation (4.95) and equation (4.96), the MMSE CF with the unit power of the 

transmitted signal at the source can be written as 

                  . (4.98) 
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In addition, as shown in equation (4.95), the AR   is clearly a function of  , where      . 

With the unit power of the transmitted signal,   
  

 in nats can be written, respectively, as  

    

  
 

 

 
 

 

   
 . (4.99) 

From equations (4.96) and (4.99), it can be seen that   in nats and the MMSE satisfy the 

relationship with unit power of the transmitted signal as  

    

  
 

 

 
           . (4.100) 

4.6 Simulation Results 

4.6.1 Assumptions 

 This subsection presents various Monte-Carlo simulation results, such as MMSE, BER, 

and AR performances, under both the TPC and the APC at both the source and the relays by 

employing the derived optimal beamforming vectors and relay amplifying matrices. Here, CSI is 

assumed and is considered in the cases of                   . The originally 

transmitted signal from the source is modulated by QPSK with unity power. The complex 

backward and forward channel matrixes G and H are generated from i.i.d. Gaussian random 

variables. During data transmission, the channels are invariant. The total power constraints at the 

source and the relays are set to                , respectively. It is assumed that all nodes 

have the same thermal noise power, i.e.,    
     

 . 

4.6.2 Iterative Algorithm 

 When it comes to the derived optimal solutions in Section 4.3, the optimal parameters are 

related to each other. In this condition, an iterative algorithm can provide a way of solving this 

problem. This algorithm computes one variable at a time while fixing all others, as shown in 

Table 4.1. Initial values are                       , and       , where   
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         in equation (4.11). As an iteration index k increases one by one,      is decreased. 

Since      has positive and convergent properties at all times, the absolute difference between 

       and      can be used as a criterion to stop the proposed iterative algorithm with a 

desired positive scalar   in Step 3. 

 Additionally, as in the case of the TPCs at the source and the relays, by using the iterative 

algorithm, all optimal values for the noncooperative AF wireless distributed relay system under 

the APC can be solved. 

TABLE 4.1 
ITERATIVE ALGORITHM FOR NONCOOPERATVE AF DISTRIBUTED RELAY 

NETWORK 
 

 

4.6.3 Analysis of Simulation 

 Figure 4.2 shows numerically the convergence behavior of the proposed iterative 

algorithm for         and an input           with different number of relays   

       24, respectively. Observe that the MMSE decreases as   increases. Also observe that the 

proposed algorithm can converge within 15 iterations to find optimal solutions efficiently. 

Finally, observe that a TPC yields a smaller MMSE than the APC for a given  . 
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Figure 4.2. Convergence behavior for M = 2, L = 2 and input SNR = 10 dB with different  
number of relays (N). 

 
 Figure 4.3 provides the MMSE CF behavior         versus the number of relays 

(N) in the noncooperative AF beamforming distributed relay network under both the TPC and the 

APC using different relay amplifying matrices in equation (4.31) for the case of the TPC with the 

BFMSE strategy, equation (4.46) for the case of the APC with the BFSVD strategy, equation 

(4.64) for the case of the TPC with the EB vectors using the maximization SNR criterion,  

equation (4.69) for the case of the TPC with the EB vectors using the ZF criterion, equation (4.71) 

for the case of the TPC with the equal gain beamforming vectors using the maximization SNR 

criterion, and equation (4.76) for the case of the TPC with the equal gain beamforming vectors 

using the ZF criterion, with an input          .  
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Figure 4.3. MMSE versus number of relays (N) for M = 2, L = 2 using different relay amplifying 
matrices in equations (4.31), (4.46), (4.64), (4.69), (4.71), and (4.76) with input SNR = 10 dB. 

 
As shown in Figure 4.3, regardless of  , the MMSE CF values in all proposed schemes 

are always less than 1. Observe also that the MMSE decreases as   increases. Observe that 

    number of relays is sufficient for all cases to reach the MMSE = 5%. In particular, 

        number of relays is necessary to reach the MMSE of 50% for each case in equations 

(4.31), (4.46), (4.64), (4.69), (4.71), and (4.76), respectively. Additionally, the smallest MMSE, 

using the iterative optimal solutions for the BFMSE beamforming vectors in equation (4.31) 

under the TPC, is obtained, compared to the BFSVD beamforming vectors using the closed form 

of the optimal solutions in equations (4.64) and (4.69). As a result, the best BER performance is 

expected when the iterative optimal solutions for the BFMSE beamforming vectors under the 

TPC are used. Furthermore, when the EB scheme is applied, the relay amplifying matrices in 

equations (4.64) and (4.69) show the smaller MMSE value than the case of the equal-gain 

beamforming scheme in equations (4.71) and (4.76), respectively. As a result, the better BER 
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performance will be observed when the EB scheme is applied. Also, observe that the SNR 

maximization scheme in equations (4.64) and (4.71) is better than the ZF scheme in equations 

(4.69) and (4.76). Consequently, the MMSE CF values of all proposed schemes in this chapter 

can be arranged in order from the smallest (i.e., best) to the largest (i.e., worst) as equations 

(4.31), (4.46), (4.64), (4.69), (4.71), and (4.76) for a small number of  , and as equations (4.31), 

(4.46), (4.64), (4.71), (4.69), and (4.76) for a large number of N. 

 Figure 4.4 shows the corresponding BER performance versus the number of relays     

using the different relay amplifying matrices in equations (4.31), (4.46), (4.64), (4.69), (4.71), 

and (4.76) with an input         . As analyzed in Figure 4.3, as   increases, the BER 

performance improves. In particular, as analyzed in Figure 4.3., the BER values of all proposed 

schemes can be arranged in order from the smallest to the largest as the one observed in the 

MMSE for a small number of   and for a large number of  . 

 
Figure 4.4. BER versus number of relays (N) using different relay amplifying matrices in  

equations (4.31), (4.46), (4.64), (4.69), (4.71), and (4.76) for M = 2, L = 2 with input  
SNR = 5 dB. 
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 Figure 4.5 shows the BER performance versus an input SNR in the noncooperative AF 

beamforming distributed relay network under TPCs at both the source and the relays using 

equation (4.31) for multiple combination cases         and 4. In order to investigate the 

effects of both transmit and receive beamforming vectors at the source and the destination, the 

case of     and     is also presented in the work of Lee et al. [84]. Observe that the cases 

of (    and    ) and (    and    ) show the crossing points at SNR = 8 dB for a 

given    . At a low SNR, the case of (    and    ) shows a slightly better BER than the 

case of (    and    ), and vice versa. In particular, the BER performance in the case of 

    and     for a given   is much better than the one with the       case. 

 

Figure. 4.5. BER versus input SNR in AF beamforming distributed relay network under TPC at  
both source and relays using equation (4.31) for various combination cases of M = N  
= L = 2 and 4; cases of M = 1 and L = 1 in work of Kramer et al. [21] also presented. 

 
 Figure 4.6 shows the BER performance, the source transmit power, and the relay transmit 

power in the noncooperative AF beamforming distributed relay network under either only the 
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source or only the relay TPC versus the number of relays     for       with input 

          Observe in Figure 4.6 that only the source TPC shows a better BER than only the 

relay TPC. Additionally, the relay transmit power decreases as   decreases when only the source 

power constraint is applied. In contrast to this, the source transmit power increases as   

increases when only the relay power constraint is applied. As a result, the source power 

constraint case may be more effective than the relay power constraint in the noncooperative AF 

beamforming distributed relay system. 

 

Figure 4.6. BER, source power, and relay power versus number of relays (N) in AF beamforming 
distributed relay network under only source and only relay transmit power constraint, 

respectively, for M = L = 2 with input SNR = 5 dB. 
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all proposed schemes can be arranged in order form the largest (i.e., best) to the smallest (i.e., 

worst) as equations (4.31), (4.46), (4.64), (4.69), (4.71), and (4.76) for a small number of N, and 

as equations (4.31), (4.46), (4.64), (4.71), (4.69), and (4.76) for a large number of N. 

 
Figure 4.7. AR versus number of relays (N) using different relay amplifying matrices in 

equations (4.31), (4.46), (4.64), (4.69), (4.71), and (4.76) for M = L = 2 with input  
SNR = 5 dB. 

 
4.7 Conclusions 

 This chapter derived a set of optimum relay amplifying matrices and transmit/receive 

beamforming vectors under both the TPC and the APC at both the source and the relays using 

the MMSE criterion. This chapter also presented the relay amplifying matrices employed by both 

eigen and equal gain transmit/receive beamforming vectors based on the maximum SNR and ZF 

criterions. 

 This chapter also showed that the MMSE criterion is equivalent to the maximum SNR 

criterion. A relationship between the MMSE and the   with               or   
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         under the unit transmitted signal was established. Furthermore, among all proposed 

schemes in this chapter, the best system performance was observed when the TPC with the 

beamforming vectors is applied. Finally, this chapter proved that the MMSE CF values are 

always less than 1, regardless of  . 
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CHAPTER 5 
 

TWO-WAY NONCOOPERATIVE AF MIMO DISTRIBUTED RELAY NETWORK 
 
 

5.1 Introduction  

 Considerable work on the beamforming design in the one-way AF MIMO wireless relay 

system has been studied over the past decade using various criterions with different CFs [8–13]. 

However, the two-way wireless relaying scheme has recently been studied to improve spectral 

efficiency [20, 30–38, 76, 85–87]. An optimal relay beamforming matrix in a two-way AF 

MIMO wireless relay system was designed based on the weighted sum rate optimization 

criterion [37]. Additionally, a two-way AF wireless relay strategy with self-interference 

cancelation during data transmission was developed [32]. An optimal relay precoder matrix and 

destination decoder matrix for a two-way AF MIMO wireless relay network based on 

minimizing the sum of the MSE under the relay power constraint was also developed; however, 

the source precoder matrix was not considered [32]. The beamforming and combining vectors at 

the two sources were designed using maximum ratio transmission and maximum eigenvalue 

principles, respectively [35].  

 The two-way AF MIMO wireless relay system with a multi-antenna single relay 

between two multi-antenna sources has recently attracted much attention [20, 30–33, 35, 37, 38, 

76, 85–87], whereas the system with multiple distributed single-antenna relays between two 

multi-antenna sources has not been studied much in the literature. However, the two-way AF 

MIMO wireless relay system with multiple distributed single-antenna relays between two multi-

antenna sources has been investigated recently [34]. Wang et al. [34] provided a diagonal relay 

amplifying matrix at relays and beamforming vectors at sources, and the MMSE criterion under 

the TPC at two sources and relays was applied to determine them. A special case of this was the 
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two-way AF SISO wireless relay system with multiple distributed single-antenna relays between 

two sources with only a single antenna per source [36]. Here the relay amplifying matrix was 

designed under only the relay TPC [36]. The AF distributed relay network proposed in this 

chapter and in other work [34, 36] can also be realized by a 5G candidate system, e.g., the 

CRAN [88], similar to the proposed system modes in Chapters 2, 3, and 4 of this dissertation. 

Additionally, this proposed AF wireless distributed relay network can also be more applicable to 

a small cell station communication system [89], similar to the proposed system model discussed 

in Chapter 4.  

 In this chapter, the focus is on the two-way AF MIMO wireless distributed relay network 

consisting of a source-destination pair with multiple antennas and distributed multiple relays with 

a single antenna per relay, as done by Wang et al. [34]. The difference between it and the 

proposed scheme in this chapter will be discussed later in detail in Section 5.3. The leading 

objective of this chapter is to jointly determine MMSE-based AF relay amplifying matrices at the 

relays and the transmit/receive beamforming vectors at the sources/destinations by imposing 

TPCs at the two sources and relays, independently and individually. In addition, in this chapter, 

the EB (i.e., predetermined transmit/receive) vectors are applied at the sources and the 

destinations to express the explicitly optimal relay amplifying matrix, which is similar to the 

work of Abdel-Samad et al. [76]. Furthermore, this chapter proves that minimizing the MSE in 

the two-way AF MIMO wireless distributed relay network is equivalent to maximizing the SNR. 

In particular, this chapter shows the relationship between the sum of the AR and the sum of the 

MMSE for the two-way AF MIMO distributed relay network, similar to the results for a SISO 

communication without relays [90]. This chapter also shows that the smaller MMSE can be 

observed as the number of relays increase. As a result, the better BER and the larger sum AR are 
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observed as the number of relays increases because the CF employed in this chapter is defined as 

the MSE [66]. Additionally, this chapter investigates SNR and MMSE CF behaviors numerically 

and analytically, including the design of the equalizers at the destinations. An iterative algorithm 

that can solve the optimal non-predetermined transmit/receive beamforming vectors and relay 

amplifying matrix is also provided. 

5.2 System Model and Data Transmission 

 Figure 5.1 describes the two-way noncooperative AF MIMO wireless distributed relay 

system consisting of two sources with M number of multiple antennas per source, denoted by    

and   , respectively. The sources exchange their information with each other through an 

arbitrarily distributed N number of multiple relays of a single antenna per relay. Two sources act 

as both sources and destinations. The complex channel matrices between    and relays,    and 

relays, relays and     and relays and    are, respectively, presented by              

          
      and     

   . The elements of all backward and forward channels are 

i.i.d., zero-mean and unit-variance circular complex Gaussian, and quasi-static Rayleigh fading. 

For data transmission, TDD is employed. That is, there are two time slots for one exchange of 

information between    and    through the distributed relays.  

 

Figure 5.1. Two-way noncooperative AF MIMO distributed relay network under TPC at both 
sources and relays. 
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 In the first time slot, two sources broadcast data symbols         and         

multiplied by transmit beamforming vectors         and         to the relays, simultan-

eously and respectively. Hence, the transmitted symbol vectors    and    from    and    are 

given, respectively, by  

          and         (5.1) 

where             
        

      
        

                 
       The received sig-

nal vector        at the relay inputs can be written as 

                 (5.2) 

where         is an AWGN vector with zero-mean and covariance matrix    
   . This chapter 

assumes that the AF distributed relay network is synchronized by a CRAN or CSS to whom the 

individual relay nodes report their received signals and their local channel coefficient 

information. Then, the CRAN acquires and tracks the global synchronization. In addition, the 

CRAN computes the optimum diagonal relay amplifying matrix and forwards the individual 

amplifying coefficients to each relay. 

 In the second time slot, the relays transmit their received signals to    and    (called 

destination 1 and 2 and denoted by    and   ) multiplied by an     diagonal relay 

amplifying matrix F for the linear processing operation. Hence, the transmitted signal        

at the relay out puts is given by  

       (5.3) 

with total average transmitted power           used by N relays. Then, after perfect 

cancelation of the self-interference, the received signal vectors         and         at    

and    are written, respectively, as  

               and               (5.4) 
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where    and    are AWGN vectors with zero-mean and covariance matrices    
    and    

   , 

respectively. Then, the receive beamforming vectors         and         are applied, 

respectively, as 

           and          (5.5) 

to detect data symbols          and         . By substituting equations (5.3) and (5.4) into 

equation (5.5), the expected data symbol     and     can be rewritten, respectively, as 

                            and                           . (5.6) 

In equation (5.5), the receiver beamforming vectors    and    can be written, respectively, as  

       
      and      

      (5.7) 

where      and      are positive scaling factors that will be the same for all antennas at    and 

  , and     and     are normalized beamforming vectors satisfying      
 
   and      

 
  .  

5.3 AF Beamforming Strategies  

 To determine the optimal beamforming vectors that will be used at the two sources and 

the optimal relay amplifying matrix that will be used at the relays, the sum of the MSE between 

    and     will be minimized under the TPCs at the sources and relays. The desired optimization 

problem with the TPCs can be written as  

        
    

    
    

                                         (5.8) 

              
             

        and            (5.9) 

where the CF                  in equation (5.8) is defined, using the MMSE criterion [65], as  

                             
 
            

 
 . (5.10) 

Here, in equation (5.9), the transmit power usage at the two sources and the N relays can be 

expressed as        
     

          
     

 , and       
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 . For notational convenience, the CF                  in equation (5.10) is henceforth 

simply stated as     . Here,      in equation (5.10) can be written, using the vector form f, as  

         
   

       
            

   
                  

   
     

      
   

        

                         
   

        
     

     
   

       
            

   
                  

  

                         
   

     
      

   
           

   
        

  (5.11) 

where          
   

         
    

                                  
            

   
   

      
    

                      and             
  . To determine optimal      

    
    

      

  
  that minimize      under the TPC at the two sources and the N relays, the Hamiltonian 

formulation [66] is written as  

                                         
     

           
         

                                                                          
     

       (5.12) 

where       
             

             
   , under the assumption that data symbols, 

channel coefficients, and noises are independent of each other. Here,    ,    , and    are 

Lagrangian multipliers that are introduced to provide a link between the cost and the constraints. 

For expositional convenience, let                             simply be denoted by     . 

Even though      in equation (5.12) is not guaranteed to be jointly convex with respect to the 

variables                                        , it is convex with respect to each of them. It 

can be shown that any linear composition with the norm is convex because the norm is a convex 

function [67]. In addition,     , in equation (5.12) is also convex over    and    because it can 

be shown that  
     

    
   and  

     

    
   [75]. Hence, alternating minimization procedures, where 

variables are optimized with respect to one at a time while keeping all others fixed, are 

applicable to obtaining a feasible local optimum [80] (see Section 5.5). Hence, the optimal 
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solutions       
    

    
    

        
     

    
   of      in equation (5.12) can be obtained, respectively, 
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where      
       

              
                          

                 

          
     

     
     

    
           

    
          

             
    

  

  2+   2 2    , 2= 1  1  1 1,   2= 2  2  2 2,   1= 2 2  1,   2= 1 1  2, 

       
    

      
   

     
    

            
    

      
   

     
    

                    

                  
                    

            ,             and    

        . Here, using the vector form in equation (5.13), the corresponding optimal relay 

amplifying matrix    can be written as            . All detailed proofs can be found in 

Appendix D.  
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 The scheme in the work of Wang et al. [34] is close to the proposed one in this chapter. 

That relay amplifying matrix [34] was designed as follows: First the derivative of the CF in 

equation (13) of the work of Wang et al. [34] was taken with respect to a nondiagonal relay 

amplifying matrix. Then, after obtaining the nondiagonal relay amplifying matrix solution, only 

its diagonal elements were used in equation (17) of that work. On the other hand, in this chapter, 

a diagonal relay amplifying matrix is assumed first, due to the relays’ distribution before the 

optimization, and then the MMSE criterion (or Karush-Kuhn-Tucker) is applied using the 

property of the Hadamard product. Then, a derivative is taken with respect to a diagonal relay 

amplifying matrix. Due to this difference, the symbol error rate (SER) performance with the 

proposed diagonal relay amplifying matrix is expected to outperform the existing one in the work 

of Wang et al. [34] (refer to in Figure 5.5 and observe 5.8 dB gain at SER = 10-3). Additionally, 

as shown in Figure 5.5, the proposed two-way AF SISO wireless relay system (i.e., M = 1) is 

compared with the existing one in the work of Zeng et al. [36] and is shown to be  0.6 dB better 

at 10-3 SER. 

 Furthermore, the two-way relay network system model in this chapter is different from 

that one by Arti et al. [35] in three perspective views. The first difference is that this chapter is to 

iteratively find the three optimum parameters: (1) relay amplifying matrix F, (2) optimum 

transmit precoding vector    (   in the work of Zhang et al. [11]), and (3) the optimum receive 

beamforming vector    (   in the work of Zhang et al. [11],    ). On the other hand, Arti et al. 

[35] found    and    but not F. The second difference between this chapter and the work of Arti 

et al. is that the MMSE criteria was employed in the proposed one, while the maximum ratio 

transmission principle in reference [7] of the work of Arti et al. [35] and the principle 

eigenvector of eigenvalue were employed that work. For fair comparison, Figure 5.5 shows the 
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same transmit precoding vector    and receive beamforming vector    using the maximum ratio 

transmission principle and the principle eigenvector of eigenvalue, respectively, with equations 

(4) and (6) from the work of Arti et al. [35]. Also, F = I, an identity matrix, is employed in this 

dissertation to simulate the unit gain relaying precoding matrix. The last difference is that Arti et 

al. [35] use one single relay of N multiple antenna elements, but this chapter employs N relays, 

each with a single antenna element. The same Rayleigh fading channel model is used for fair 

comparison. Then, an SER comparison between the proposed algorithm and the one in the work 

of Arti et al. [35] is made in Figure 5.5, and the corresponding observations are stated.  

5.4 Analysis and Discussion  

5.4.1 Equalizer Factors 

 Using equations (5.14) and (5.15), the optimal scaling factors   
   and   

   can be 

obtained, respectively, as 

    
   

   
 

    
 

  

    
       

   
   
 

    
 

  

    
  (5.21) 

where         
     

    and         
     

   . As shown in equation (5.21),   
   and   

   

are, in fact, equalization factors in order to reduce the channel effects from equation (5.6), 

respectively, which are the error-performance surface of the Wiener filters [91]. It can be clearly 

seen that   
   and   

   are positive scalars, as assumed. That is, the equalizers   
   and   

   do 

not change the phase of the received signals at the destinations. Note that   
   and   

   in 

equation (5.21) are generated from the backward and forward channels at the sources with the 

noise variances of the relays and destinations because the relay amplifying matrix and the 

beamforming vectors consist of backward and forward channels at two sources. All of these 

calculations can be performed at the CSS. 
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5.4.2 SNR Behavior 

 Using equation (5.6), the      at    and the      at    are written, respectively, as 

       
   
            

 

   
             

      
       and         

   
            

 

   
             

      
    (5.22) 

where      
   

              
      and      

   
              

       where       

      
   

      
          

   
                 

   
      

   , and       
   

  

   . Here,                and                are maximum eigenvalues of        and 

  
    , respectively. Additionally, both        and        have only one positive eigenvalue, 

which is the maximum eigenvalue, because their ranks are 1 regardless of N and M. Hence, it can 

be clearly seen that                and                                increase as either N 

or M increases. Using equation (5.22), the sum of the   of the two-way AF MIMO beamforming 

distributed relay network under the TPC at two sources and relays can be written as 

    
 

 
             

 

 
              

                                                 

 
                  . (5.23) 

Since the           , increases as either N or M increases,   increases as either N or M 

increases. Here, the factor   
 
  in equation (5.23) is the result of using an AF HD relay. 

5.4.3 MMSE CF Behavior 

 Using the optimal solutions of     , the       in equation (5.13) can be rewritten as 

           
      

    
  
 
     

      
    

  
 
  

                                                
   
 

    
 

   
 

    
.  (5.24) 

Obviously,       in equation (5.24) decreases as either N or M increases because    and    

increase as either N or M increases. Hence, the MMSE criterion in the two-way AF MIMO 
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wireless distributed relay network is equivalent to the maximum SNR criterion, which is similar 

to the one-way AF relay case. In particular, the smaller the CF value, the smaller the MSE [66] 

because the CF      in this chapter is defined as the MMSE. Consequently, the system BER 

performance improves as the CF value decreases. Furthermore, from equation (5.24), it is clearly 

observed that       is always less than 2, regardless of either N or M and the input SNR, 

because the terms in equation (5.27) are less than 1 at all times with unit power of the transmitted 

signals,     , and     . Only one term in equation (5.24) will be shown if a one-way AF 

relay network is used. Additionally, using equations (5.23) and (5.24), the MMSE CF with the 

unit power of the transmitted signals at    and    can be rewritten as 

                     (5.25) 

which relates the achievable sum rate, the     ’s, and the MMSE. 

5.4.4 Eigen Beamforming Vectors 

 If    and    have perfect knowledge of backward and forward channels, respectively, 

then the EB, which is optimal in the sense of maximizing the SNRs at    and    [76], can be 

employed. Instead of the optimum, simple EB vectors at    and    (or    and   ) can be 

defined, respectively, as 

                                 (5.26) 

where   and    are the right singular vectors corresponding to the largest singular value of    

and   , and    and    are the left singular vectors corresponding to the largest singular value of 

   and   , respectively. EB vectors at    and    satisfy power constraints at    and    because 

a singular vector is a unit norm vector. Using equation (5.26), the explicitly optimal    under 

TPCs with EB vectors is written as  

     
     

                 
    (5.27) 
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where  
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  (5.29) 
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    (5.33) 

Here,                                                                 

          and             are used. 

5.5 Simulation Results 

5.5.1 Assumptions 

 By employing the optimal transmit/receive beamforming vectors and relay amplifying 

matrices derived in Section 5.3, various Monte-Carlo simulation results, such as average MMSE, 

under the TPCs at the two sources and the N relays are provided. It is assumed that the perfectly 

known CSI is employed with          transmit antennas and          distributed relays. 

The originally transmitted signals from two sources are modulated by QPSK with unity power. 

All complex backward and forward channel matrices         , and    are generated from i.i.d. 

Gaussian random variables. They are invariant during data transmission. The TPCs at the two 

sources and relays are set to           and     , respectively. It is assumed that all nodes 

have the same thermal noise power, i.e.,    
     

     
 . 
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5.5.2 Iterative Algorithm 

 As shown in equations (5.13)–(5.20), the derived optimal solutions of         in Section 

5.3 are related to each other. Hence, solutions for the jointly constrained optimization problem in 

equations (5.13)–(5.20) can be solved by using the proposed iterative algorithm. This algorithm 

computes one variable at a time while fixing all others, as shown in Table 5.1. As an iteration 

index k increases, the nonnegative         decreases. As a result, the difference between 

          and         can be used as a criteria to stop the proposed iterative algorithm with 

a desired positive scalar   in Step 3. The iteration is terminated when the absolute value of the 

difference in the results of consecutive iterations is below   or when the number of iterations 

reaches the maximum number of iterations  . 

TABLE 5.1 

ITERATIVE ALGORITHM FOR TWO-WAY NONCOOPERATIVE AF DISTRIBUTED 
RELAY NETWORK 

 

 
 

As analyzed earlier, the optimal       decreases as either N or M increases. As a result 

the convergence value will be decreased as either N or M increases. Additionally, as    and    

increase,       decreases. Similar to the effect of either N or M,       decreases as input SNRs 

            increase. In particular, it can be expected that a higher convergence rate is achieved 

as the input SNR (or N) increases. These analytical results will be verified in the next subsection. 
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5.5.3 Analysis of Simulation 

 Figure 5.2 shows numerically the convergence property of the proposed iterative 

algorithm in a two-way AF MIMO wireless distributed relay network under TPCs at the two 

sources and relays for     and an input SNR of            with a different number of relays 

      . In each case, the convergence MMSE value decreases during the first ten iterations, 

but it takes less than 15 iterations to approach the same asymptotic value. As analyzed in the 

previous subsection, the convergence MMSE value decreases as N increases for a given input 

SNR. In addition, as the SNR increases, the convergence MMSE value decreases. Furthermore, 

as the input SNR (or N) increases, a higher convergence rate is achieved, as expected. Finally, 

the good news is that the convergence slope near the low number of iterations is sharp, and hence, 

a small number of iterations, e.g., 15, is sufficient, even for a low SNR although at a higher 

MMSE level. 

  

Figure 5.2. Convergence of iterative algorithm for M = 2 and N = 5, 10 with input SNR = 5, 10, 
and 15 dB, using Table 5.1. 
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 Figure 5.3 provides the MMSE versus number of relays (N) using the optimal solutions in 

equations (5.13)–(5.20) and the optimal        in equation (5.10) (or equation (5.24)) with the 

input              for two cases: (1)    ,           and (2)             , 

respectively.  

 

Figure 5.3. MMSE versus number of relays (N) and number of source’s antennas (M) using  
optimal solutions in equations (5.13)–(5.20) and optimal       in equation (5.10) or  

equation (5.24) with input SNR = 3, 6, 9 for two cases: (1) M = 4, N = 2 ~ 12  
and (2) N = 4, M = 2 ~ 12. 

 
As expected, as N increases, the MMSE decreases. In addition, the MMSE decreases as the SNR 

increases. In particular, when M is larger than N for a given SNR, the smaller MMSE is observed, 

compared to when     for a given SNR. This implies that the effect of beamforming vectors 

at the sources becomes more dominant than that of the relay amplifying matrix at the relay. 

Analytically, when M is larger than                  and                              are 

greater than when    . As a result, the smaller MMSE is observed when    . However, 

the difference between the two results decreases as the SNR increases for a given N and M. It can 

be seen in Figure 5.3 that even when the SNR is low, e.g.,     , an MMSE of 10% can be 
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achieved with      relays in both cases, which is encouraging news. It is also observed from 

Figure 5.3 that the optimal MMSE CF         values are less than 2 at all times, regardless of 

N and SNR, as analyzed in equation (5.24). Finally, the crossing point in Figure 5.3 is at     

because                and                are the same, respectively, when    . 

 Figure 5.4 shows the average BER performance versus the number of relays (N) and the 

number of source’s antennas (M) using the optimal relay amplifying matrix in equation (5.13) 

with an input             and      for two cases: (1)              and (2)       

      , respectively. As analyzed in equation (5.24) and expected in Figure 5.3, it is observed 

that the BER performance improves as N and the SNR increases. Similarly, when     for a 

given SNR, the better BER performance is observed, compared to when     for a given SNR. 

Additionally, similar to the optimal MMSE case, the difference between two results gets smaller 

as the SNR increases. 

 
Figure 5.4. BER performance versus number of relays (N) and number of source antennas (M)  

using optimal solutions in equations (5.13)–(5.20) with input SNR = 3, 6 for two  
cases: (1) M = 4, N = 2 ~ 12 and (2) N = 4, M = 2 ~ 12. 
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 Figure 5.5 shows the SER performance versus input SNR using the simplified optimal 

relay amplifying matrix in equations (5.13) and (5.27) for M = 2 and N = 3. SER results for the 

existing schemes in previous work [34–36] are also presented for M = 1, 2 or N = 3. In addition, 

the reciprocal channels are used in Figure 5.5, as was done previously [35].  

 
Figure 5.5. BER performance versus input SNR using different optimal relay amplifying  

matrices in equations (5.13) and (5.27) for M = 2 and N = 3; existing and modified schemes [34–
36] also presented. 

 
Observe in Figure 5.5 that the proposed scheme in equation (5.13) of this chapter shows better 

performance (e.g., 0.5 dB around SER = 10-6) than the previous one [35] for a high SNR but 

worse for a low SNR. A reason for the better performance at a high SNR is that a global 

optimum amplifying matrix is used in this chapter, whereas a nonoptimum unit gain amplifying 

matrix was used previously [35]. A reason for the worse performance at low SNR is that multiple 

power constraints at the relay and two sources are applied in the proposed scheme, whereas an 

NPC was used at the relay previously [35]. Simulation results indicate that the transmit power    
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at the relay can be greater than one, e.g.,     = 9 ~ 12 [35] when M = 2 and N = 3. The previous 

relay transmit power in the work of Arti et al. [35] is significantly higher than      of the 

proposed scheme, which is why the proposed scheme shows a worse performance than the 

previous one [35] at a low SNR. If the relay transmit power in the work of Arti et al. [35] is 

normalized as the proposed scheme in this chapter, then the proposed scheme shows superior 

performance to the previous one [35] for both low and high SNRs. Additionally, observe that the 

proposed iterative optimal solution in equation (5.13) shows about 2 dB better SER performance 

at SER = 10-3 than the simplified EB vectors in equation (5.27). Furthermore, observe that even 

the simplified SER performance in equation (5.27) shows better performance (e.g., 4.5 dB at 

SER = 10-3) than the existing one in the work of Wang et al. [34], because those previous 

solutions [34] are nonoptimal. Furthermore, the proposed scheme with M = 1 and N = 3 shows a 

slightly better performance (e.g., 0.6 dB at SER = 10-3) than the existing one in the work of Zeng 

et al. [36] under the same environment, because the transmit power in that work [36] is 

constrained at the relay only, whereas, in this chapter, both source and relay transmit powers are 

constrained. In summary, the optimal solutions in this chapter show, the best SER performance 

among all schemes. 

 Figure 5.6 provides the sum of the AR   versus the number of relays N and the number 

of source antennas M with input SNR = 3, 6 dB using different relay amplifying matrices in 

equations (5.13) and (5.27) for two cases: (1) M = 2, N = 2 ~ 12 and (2) N = 2, M = 2 ~ 12, 

respectively. As analyzed in equation (5.23),   increases as either N or M (or SNR) increases in 

the two proposed schemes. Additionally, similar to the results in Figures 5.3 and 5.4, the   

values have the same tendency. For instance, when M > N for the given SNR, a higher   is 

observed. The higher   is observed when the relay amplifying matrix in equation (5.13), derived 
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with optimum transmit/receive beamforming vectors, is applied, rather than the relay amplifying 

matrix in equation (5.27), which is derived with EB vectors. This may be because the optimal 

solutions, including all parameters, are interrelated, but the EB vectors are looking at only 

forward and backward channel coefficients.  

 
Figure 5.6. Sum rate versus number of relays (N) and number of source antennas (M) with input  
SNR = 3, 6 dB networks using different relay amplifying matrices in equations (5.13) and (5.27) 

for two cases: (1) M = 4, N = 2 ~ 12 and (2) N = 4, M = 2 ~ 12. 
 

5.6 Conclusions 

 This chapter provided a set of an optimum relay amplifying matrix at relays and 

transmit/receive beamforming vectors at sources under the TPC at two sources and relays based 

on the MMSE criterion. This chapter also provided a relay amplifying matrix employed by EB 

vectors. 

 It was shown that the MMSE criterion in the two-way AF MIMO wireless distributed  

relay network is equivalent to the maximum SNR criterion. Additionally, it was proven that the 
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  and the MMSE CF      are related as                     with unit power of the 

transmitted signals. The iterative algorithm was proposed to solve the optimization problem for 

the non-predetermined beamforming scheme. Furthermore, the better system performances are 

observed when the optimum relay amplifying matrix derived by the optimum transmit/receive 

beamforming vectors is applied, compared to conventional ones [34–36]. Finally, the MMSE CF 

values are less than 2 at all times, regardless of the number of relays. The two-way AF wireless 

distributed relay system proposed in this chapter can be applicable in CRAN to improve spectral 

efficiency because of the cooperative multi-point processing, but it is effective when the input 

SNR is high, e.g., at least      . This is because the MMSE or BER is unacceptable, and 

throughput may be low when the SNR is as low as     , even if the AR can be enhanced by 

multiway communications. 
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CHAPTER 6 
 

NONCOOPERATIVE AF HD AND FD DISTRIBUTED RELAY NETWORKS 
 
 

6.1 Introduction  

 AF MIMO HD/FD wireless relay networks have recently been investigated to compare 

the system BER performance [78, 92, 93]. However, AF SISO HD/FD wireless networks with 

only one relay were studied for the average end-to-end capacity in the relay link [94]. 

Additionally, a FD relay system consisting of a relay with one receive antenna and multiple 

transmit antennas between a source and a destination with a single antenna was proposed [95]. In 

some work, the relays were not arbitrarily distributed [92, 93]; as a result, the relay amplifying 

matrix at the relay was nondiagonal. In addition, the proposed system models in Chapters 2, 3, 4, 

and 5 do not have a direct link between the source and the destination.  

 Similar to the system model discussed in Chapter 4, this chapter focuses on the 

noncooperative AF MIMO HD/FD wireless distributed relay systems consisting of a source-

destination pair with multiple antennas and distributed multiple relays with a single antenna per 

relay, unlike the nondistributed relay system [92, 93]. Additionally, the AR and the MMSE CF 

behaviors for both FD and HD wireless distributed relaying systems will be investigated 

numerically and analytically. Moreover, it will be shown that minimizing the MSE is equivalent 

to maximizing the SNR for the AF FD MIMO wireless distributed relay network. It will also be 

shown that the smaller MMSE is observed as the number of relays increases. As an obvious 

result, the better BER and larger AR performances are observed as the number of relays 

increases because the CF employed in this chapter is defined as the MSE [66]. Finally, an 

iterative algorithm that can solve the desired optimization problem will be presented. 
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6.2 System Model and Data Transmission 

6.2.1 AF HD Distributed Relay Network with Direct Link 

 Figure 6.1 describes an AF HD MIMO wireless distributed relay network consisting of a 

source with multiple    antennas, multiple    relays with a single antenna per relay, and a 

destination with multiple    antennas, from left to right. Unlike the system models proposed in 

Chapters 2, 3, 4, and 5, there is a direct link between a source and a destination, as shown in 

Figure 6. 1. The complex channel matrices between a source and relays, relays and a destination, 

and a source and a destination are denoted by                  , and         , 

respectively. Data symbols, channel coefficients, and noises are i.i.d.. The elements of      and 

  matrices are i.i.d. zero-mean and unit-variance circular complex Gaussian random variables 

and quasi-static Rayleigh fading.  

 

Figure 6.1. One-way AF HD distributed relay system under TPCs at source and relays. 
  

The symbol vector         from the source is originally transmitted as 

       (6.1) 

where the transmitter beamforming vector and data symbol are denoted by         and 

       with          , respectively. 
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 The two phases in an AF HD distributed relaying system receive and retransmit without 

interference, as shown in Figure 6.1. In the first phase, the received signal column vector 

        at the relay inputs can be written as  

          (6.2) 

where          is a thermal AWGN vector with zero-mean and covariance matrix    
    . At 

the same first-phase time, the signal complex column vector          at the destination 

received from the source is  

            (6.3) 

where            is also another thermal AWGN vector with zero-mean and covariance 

matrix    
    . In the second phase, the relays multiply r by an       diagonal relay 

amplifying matrix W and forward         to the destination, where 

      . (6.4) 

During this second-phase time, it is assumed that the source does not transmit a signal to avoid 

interference at the destination from the source to relay signals. Hence, the received signal column 

vector          at the destination is 

            (6.5) 

where      
     is also a thermal AWGN vector with zero-mean and covariance matrix 

    
    . Finally, two consecutive received signals    and    at the destination can be combined as 

         
        

  
  
            (6.6) 

by applying a receiver beamforming vector            
     , where          and 

    
     combine the direct and relay path signals, respectively. By substituting equations 

(6.4) and (6.5) into equation (6.6), the expected data symbol      can be rewritten as 
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                                       . (6.7) 

In addition, the receiver beamforming vectors    and    in equation (6.6) can be represented, 

respectively, as 

       
      and      

      (6.8) 

where      and      are positive scaling factors that will be the same for all antennas at the 

destination, and     and     are normalized beamforming vectors satisfying      
 
   and 

     
 
  . In fact, this new representation of the receiver beamforming vector in equation (6.8) 

is used for determining the optimal diagonal relay amplifying matrix and transmitter/receiver 

beamforming vectors in the next section. It can be observed later that it is a formidable task to 

design them without applying equation (6.8).  

6.2.2 AF FD Distributed Relay Network with Direct Link 

 Similar to the AF HD distributed relay network, an AF FD MIMO wireless distributed 

relay network, shown in Figure 6.2, consists of a source with multiple    antennas, multiple    

relays with a single antenna per relay, and a destination with multiple    antennas, from left to 

right. In this network, only one time slot is applied to transmit a signal vector   from the source  

to the destination through multiple relays.  

 

Figure 6.2. One-way AF FD distributed relay system under TPCs at source and relays. 
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 Hence, the FD distributed relays receive equation (6.2) and retransmit equation (6.4) 

simultaneously during one phase. As a result, the received signal vector         at the 

destination is written as 

             . (6.9) 

The detected data symbol           applying the receiver beamforming vector         can 

be written as  

         . (6.10) 

By substituting equations (6.4) and (6.9) into equation (6.10), the expected data symbol      can 

be rewritten as 

                             . (6.11) 

Similar to the AF HD distributed relay scheme, the receiver beamforming vector b in equation 

(6.10) can be represented as 

          (6.12) 

where     is also a positive scaling factor that will be the same for all antennas at the 

destination, and    is a normalized beamforming vector satisfying     
 
  . Note that either the 

HD or the FD scheme has a diagonal relay amplifying matrix W because relays are distributed, 

and no cooperation, i.e., no CSI exchanges, are made. 

6.3 AF HD and FD MMSE Strategies 

 The main goal of this section is to determine optimum relay amplifying matrices at the 

relays and optimum transmitter/receiver beamforming vectors at the source and the destination. 

Additionally, the transmit powers are individually constrained at the source and relays during 

data transmission. Under these power conditions, the MSE between the originally transmitted 

symbol from the source and the expected data symbol will be minimized. 
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6.3.1 HD MMSE Strategy 

 Since the transmit powers at the source and relays are constrained by    and   , 

independently and respectively, the desired optimization problem can be written as 

           
     

                               (6.13) 

                 and            (6.14) 

where the CF              defined as the MMSE criterion [65],   , and    can be written, 

respectively, as 

                         
 
  (6.15) 

         (6.16) 

                 (6.17) 

with              
    . For notational convenience, the CF              in equation 

(6.15) is henceforth simply stated as     . Here,      in equation (6.15) can be written, using 

the     column vector from          , as  

           
              

     
     

          
    

     
     

    
        

                                  
 
   

     
               

     
      

 
   

        
       

                              
      

 
 (6.18) 

where             
                                             

                   

         
        and     

      
     

   To determine the optimal           
   and    

  such 

that      is minimized with transmit power constraints at the source and relays, the 

Hamiltonian formulation [66] is written as 

          
     

    
    

            
                     

      (6.19) 
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where    and    are variables, called Lagrangian multipliers, that are introduced to provide a link 

between the cost and the constraints. For expositional convenience, let            
     

         

simply be denoted by     . Even though      in equation (6.19) is not guaranteed to be 

jointly convex regarding the variables                                  , it is obviously 

convex regarding each of the variables. It can be shown that any linear composition with the 

norm is convex because the norm is a convex function [67]. In addition,      in equation (6.19) 

is also convex over    and   . This can be shown by using the second derivative of      with 

respect to    and   , and then showing that  
     

   
    and  

     

   
    [75]. Hence, alternating 

minimization procedures, where variables are optimized one at a time while keeping all others 

fixed, are applicable to obtaining a feasible local optimum [80] (see Section 6.5). Using the 

linear and nonlinear properties of complex scalar/vector derivatives [81] and the cyclic 

permutation and linearity of the trace function, eight conditions of optimality can be written as  
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   . (6.27) 

Using the matrix inversion lemma [69], the optimal solutions          
     

    
    

   of      in 

equation (6.19) can be obtained, respectively, as 
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where      
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and       
            

     
     

    
   

      
     

    
         

     
   

           

Additionally, all optimal solutions in equations (6.28)–(6.33) were substituted from     and     to 

     and     . Here, the optimal   
  and   

  can be derived by taking partial derivatives of  

     with respect to   
  and   

 , respectively, and then equating the derivative to zero. Here, 

using the vector from in equation (6.28), the corresponding optimal diagonal relay amplifying 

matrix    can be written as            . 

6.3.2 FD MMSE Strategy 

 In this subsection, a set of MMSE-based beamforming vectors and diagonal relay 

amplifying matrix for the AF FD wireless distributed relay system will be derived under the 

TPCs at the source and relays. Hence, the desired optimization problem can be written as 

                
   
     

           (6.34) 

                 and            (6.35) 

where the CF            can be written as  

                       
 
 . (6.36) 

Similarly, the CF            in equation (6.34) is henceforth simply stated as       . Here, 

       can be written, using the vector form w, as 

                 
 
          

             
         

              

                                      
     

 
       

                           

                                         (6.37) 

where                                    
                                  and 

            
     Using the CF and the TPC, the Hamiltonian formulation can be written as  
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       (6.38) 

Following the same previous procedures, the optimal relay amplifying vector   , the optimal 

transmitter/receiver beamforming vectors    and   , and the optimal Lagrange multipliers   
  

and   
  can be obtained, respectively, as 

      
  
            

    
    

    
            

         
 (6.39) 
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where      
        

             
                                            

   1=      ,   2=diag           ,   3=  +   ,  

    
      

           
          

   
      

           
        , and          

   
                Additionally, all optimal solutions in equations (6.39)–(6.43) were 

substituted from    to   . Here, the optimal    can be derived by taking the partial derivative of 

               with respect to   and then equating the derivative to zero. Using the vector 

from    in equation (6.39), the corresponding optimal diagonal relay amplifying matrix    can 

be written as             .  
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6.4 Analysis and Discussion 

6.4.1 Achievable Rate Behavior 

6.4.1.1 AF HD Distributed Relay System 

 For the good of investigating the AR   for the AF HD wireless distributed relay network, 

first the SNR is examined at the destination, using equation (6.7), as  

      
     

   
            

          
      

            
     (6.44) 

where       and         
     

     
     . Recall that            . Using 

equation (6.44), the AR     of the AF HD distributed relay network under TPCs at the source 

and the relays can be written as 

                                         
 

 
             

 

 
                   

     .  (6.45) 

Here,  
 
 is used for the AR per time slot. 

6.4.1.2 AF FD Distributed Relay System 

 Similar to the HD distributed relay scheme, the SNR at the destination for the AF FD 

wireless distributed relay network can be written , using equation (6.11), as 

      
     

   
           

     
       . (6.46) 

Recall that           . Using equation (6.46), the AR     can be written as 

                                . (6.47) 

In equations (6.44) and (6.46), the SNRs increase as the number of distributed relays      

increases, where               
   , and         . As a result, it can be clearly seen 

that     and     increase as   increases because the SNRs increase as    increases. This 

analytical result will be verified in Section 6.5. 
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6.4.2 MMSE CF Behavior 

6.4.2.1 AF HD Distributed Relay System 

 Using the optimal solutions of     , the MMSE CF       in equation (6.18) can be 

rewritten as 

               
            

       
     

 
   

    
     

   
 
    

    
  

 
 

                                             
  
 
  
    

                                   
  
 
           

  
 
 

 

        
 (6.48) 

where         . Here, q and U are defined as equation (6.29). 

6.4.2.2 AF FD Distributed Relay System 

 Similarly, the MMSE CF       in equation (6.37) can be rewritten as 

        
 

        
 

 

     
. (6.49) 

From equations (6.47) and (6.49), the relationship between the AR      and the MMSE CF can 

be written as 

             
    . (6.50) 

Obviously, the      s in equations (6.48) and (6.49) decrease as    increases because 

         in equation (6.48) and the SNR in equation (6.49) increase as    increases. In 

particular, the MMSE criterion is equivalent to the maximum SNR criterion for the AF FD 

wireless distributed relay network under TPCs at the source and relays. Additionally, as 

employed in equations (6.18) and (6.37), the CF     s in this section are defined as the 

MMSEs. Hence, the smaller the CF value, the smaller the MSE [66]. Consequently, the system 

BER performance improves as the CF value decreases. This will be verified in Section 6.5. 
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6.5 Simulation Results 

6.5.1 Assumptions 

 The Monte-Carlo simulation results are presented to evaluate the proposed AF HD/FD 

MIMO wireless distributed relay systems under TPCs at the source and relays. It is assumed that 

the perfectly known CSI is implemented with         and          . The originally 

transmitted signals from the source are modulated by QPSK. The complex MIMO channel 

matrixes      and   are generated from      . Gaussian random variables. Additionally, during 

data transmission, the channels are assumed to be invariant. It is also assumed that         

and all nodes have the same thermal noise power, i.e.,    
     

 . 

6.5.2 Iterative Algorithm  

 As shown in equations (6.28)–(6.31), the derived optimal solutions in Section 6.3 are 

related to each other. Hence, this problem can be solved using an iterative algorithm, which 

computes one variable at a time while fixing all others, as shown in Table 6.1. As iteration index 

  increases,       decreases. Since       always has positive and convergent properties, the 

difference between         and       can be used as a criteria to stop the proposed iterative 

algorithm with a desired positive scalar   in Step 3.  

 In addition, as in the case of the AF HD distributed relaying system, using the iterative 

algorithm, all optimal values for the AF FD distributed relaying system can be solved. 
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TABLE 6.1 

ITERATIVE ALGORITHM FOR NONCOOPERATIVE AF HD/FD DISTRIBUTED  
RELAY NETWORK 

 
 
6.5.3 Analysis of Simulation  

 Figure 6.3 shows numerically the convergence behavior of the proposed iterative 

algorithm for an input          with         and      . As can be seen, the 

convergence speed of the AF HD distributed relay scheme is faster than that of the AF FD 

scheme. This may be due to the effect of no interference in the AF HD distributed relay system. 

Additionally, the proposed algorithm can converge within 15 iterations to find the optimal 

solutions efficiently. 

Figure 6.4 presents the MMSE CF values versus the number of relays      in the AF 

MIMO HD/FD wireless distributed relay network under TPCs at both the source and the relays 

with an input         . As shown, the MMSE decreases as    increases for the both HD and 

FD relaying cases, as analyzed in equations (6.48) and (6.49). As a result, the better BER 

performance is expected as    increases because the CF in this chapter is defined as the MSE. 

This will be verified in Figure 6.5. In particular, the smaller MMSE, using the HD distributed 

relay scheme, is observed compared to the FD scheme. As a result, the better BER performance 

will be observed when the HD scheme is applied. 

 



132 

 
 

Figure 6.3. Convergence behavior for input SNR = 0 dB with NS = ND = 2 and NR = 10. 
 

  

Figure 6.4. MMSE versus number of relays (NR) in AF MIMO HD/FD wireless distributed relay 
network under TPCs at both source and relays with input SNR = 0 dB. 
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 Figure 6.5 provides the BER performance versus the number of relays      in the AF 

MIMO HD/FD wireless distributed relay networks under TPCs at both source and relays with an 

input SNR = 0 dB. As analyzed in Figure 6.4, as    increases, the BER performance improves. 

In addition, when the HD distributed relay scheme is employed, the better BER performance is 

observed, as expected.  

 

Figure 6.5. BER versus number of relays (NR) in AF MIMO HD/FD wireless distributed relay 
network under TPCs at both source and relays with input SNR = 0 dB. 

 
 Figure 6.6 shows the ARs     and     versus the number of relays      in the AF 

MIMO HD/FD wireless distributed relay networks under TPCs at both the source and the relays 

with input          . As can be seen, the ARs     and     increase as    increases in both 

HD and FD distributed relaying systems. Additionally, the higher AR is observed when the FD 

distributed relays are applied because the HD scheme occupies two time slots per symbol 

transmission. 
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Figure 6.6. ARs RHD and RFD versus number of relays (NR) in AF MIMO HD/FD distributed  
relay networks under TPCs at both source and relays with input SNR = 10 dB. 

 
6.6 Conclusion 
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for the AF MIMO HD/FD wireless distributed relay system under TPCs at both the source and 

the relays based on the MMSE criterion were derived. An efficient iterative algorithm for the AF 

MIMO HD/FD wireless distributed relay network was proposed to solve the optimization 
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 It was shown that the MMSE criterion is equivalent to the maximum SNR criterion for 

the AF FD distributed relaying scheme. Additionally, it was observed that the BER and AR 
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CHAPTER 7 
 

CONCLUSIONS 
 
 

7.1 Summary 
  
 In this dissertation, both cooperative and noncooperative distributed AF MIMO relay 

networks without direct links between sources and destinations were studied. In addition, one-

way and two-way noncooperative AF MIMO distributed relay networks without direct links 

between source(s) and destination(s) were also investigated. In particular, the noncooperative AF 

MIMO distributed relay networks with direct links between a source and a destination were 

proposed. Using various objective functions with different CFs, the optimal relay amplifying 

matrices were determined under TPC, RPC, APC, and NPC conditions. In addition, 

environments both with and without CU were applied. Moreover, according to the role of 

relay(s), either a diagonal or nondiagonal relay amplifying matrix was designed for a given AF 

relaying system. Furthermore, transmit beamforming vectors at the source and receive 

beamforming vectors were derived using the MMSE, ZF, and maximum SNR criterions. In 

particular, depending on the conditions of the proposed schemes, the optimal gain matrices and 

vectors derived in this dissertation are explicit and implicit. For the implicit optimal solutions, 

the efficient iterative algorithm was proposed to solve the optimization problem. Finally, Wiener 

filters (or equalizer factors) at the destination(s) were also found for each AF relaying system.  

 By adopting optimal gain matrices and vectors derived, novel performance analysis and 

discussion, such as  MMSE CF behavior, AR (or SNR), SCP, etc., were carried out. In addition, 

the efficient relay selection scheme for both cooperative and noncooperative distributed AF relay 

networks was proposed based on the MMSE CF criterion.  Finally, the relationship between the 
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MI in nats and the MMSE with unit power of the transmitted signal for one-way and two-way 

noncooperative distributed AF MIMO relay networks was presented. 

7.2 Future Work 
 
  The results in this dissertation can be extended to apply to more practical AF relay 

networks in future research as follows: 

 Both one-way and two-way noncooperative distributed AF MIMO wireless relay 

networks consisting of multiple relays between multiple source-destination pairs 

with/without direct link between sources and destinations can be applied. All 

communication nodes have only a single antenna per node. The optimal gain matrices, 

e.g., diagonal precoder matrix at the sources, diagonal relay amplifying matrix, and 

diagonal decoder matrix at the destinations, can be determined based on the MMSE 

criterion. Power can be constrained at either the sources or the relays during data 

transmission. In addition, environments both with and without CU can be employed. In 

particular, using eigen beamforming and equal gain beamforming, the closed form of 

optimal relay amplifying matrix can be derived based on both MMSE and ZF criterions. 

Finally, diverse analysis can be fulfilled using the obtained optimal gain matrices.  

 A two-way cooperative AF MIMO wireless relay network consisting of only one relay 

(or BS) between multiple source-destination pairs can be applied. Both sources and 

destinations have only a single antenna per node, but a relay has multiple antennas.  The 

optimal gain matrices, e.g., diagonal precoder matrices at the sources, nondiagonal relay 

amplifying matrix, and diagonal decoder matrices at the destinations, are determined 

based on the MMSE criterion under the TPC at either the sources or the relays. In 

addition, environments both with and without CU are employed. Finally, diverse analysis 
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is carried out using the obtained optimal gain matrices. Four different kinds of three-

phase two-way AF MIMO wireless relay networks with direct links between source(s) 

and destination(s) can be applied to the following: 

o A three-phase two-way cooperative AF MIMO relay system consisting of a relay with 

multiple antennas between one source-destination pair with multiple antennas. 

o A three-phase two-way noncooperative distributed AF MIMO relay system with 

multiple relays between multiple source-destination pairs with only a single antenna 

per node. 

o A three-phase two-way noncooperative AF MIMO distributed relay system consisting 

of multiple relays between one source-destination pair with multiple antennas. 

o A three-phase two-way cooperative multiuser AF MIMO relay system consisting of 

only one relay (or BS) with multiple antennas between multiple source-destination 

pairs with only a single antenna per source/destination. 

Using the above system models, various gain matrices can be determined using different 

objective functions with CFs based on diverse criterions, such as MMSE, ZF, MF, and SNR 

criterions. 
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APPENDIX A 
 

PROOF OF EQUATION (2.9) 
 
 

 To prove the global optimums of equation (2.9), it is necessary to show that         

   + (1 −  ) ( 2,  ,  ) is greater than or equal to    1+ 1 –   2, ,   for any relay amplifying 

matrices    and    and F and any         with any nonnegative Lagrangian multiplier   [67]. 

Let                     –              . Then       can be written as  

                                           
               

                              –                                                                                       (A.1) 

Using the cyclic properties of the trace function and the linearity of the trace function, i.e., 

                        and                       in equation (A.1) can be 

expanded as  
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.  (A.3) 

From equations (A.2) and (A.3), using algebra manipulations,                  can be 

written as 
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    .  (A.4) 

It can be clearly seen that      in equation (A.4) is always greater than or equal to 0 for any 

         and any nonnegative Lagrangian multiplier λ. Hence, the constrained Lagrangian 

optimization          in equation (2.9) is convex with respect to F.  

 



150 

APPENDIX A (continued) 

 In addition, to show that          in equation (2.9) is convex with respect to  , take the 

partial derivative of          in equation (2.9) with respect to                         ,  

respectively. Then, use the cyclic permutation of the trace function, i.e.,            

          , and the linear and nonlinear properties of the complex matrix derivative [73]. They 

can be written as  
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Here,        
  

   
           

   

   
        

       

   
   are used. From equation (A.5), the 

optimal    can be written as 

           
          

  
  
   

    
    (A.8) 

where           
     

    
  

. Define an     matrix H as 

        
      . (A.9) 

Using equation (A.8) and        
     

    
  

        
     

    
  
  H in equation (A.9) 

can be rewritten as 

         
           

           . (A.10) 
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Equation (A.10) is key to showing that          in equation (2.9) is convex with respect to  . 

Using the cyclic properties of the trace function and the linearity of the trace function, i.e., 

                        and              , the       can be written as 

               
  (A.11) 

with                 [75], where the total SCP    of the received signals at the destinations 

is defined, using equation (2.5), as  

          
 
            

 
    

        
 
 (A.12) 

Finally, using equation (A.11),          
  

 in equation (A.6) can be rewritten as 

           

  
                 

  (A.13) 

The derivative of          
  

 in equation (A.13), i.e., the second derivative of          in equation 

(2.9), can be written as 

            

   
                  (A.14) 

where         
       

  , Using equation (A.14), it can be shown that  

 

 
 
 
 
 
 
 

         

  
       

          

   
                   

         

  
      

          

   
                            

   
         

  
       

          

   
                 

         

  
       

          

   
                        

  (A.15) 

From equation (A15), it is observed that the proposed constrained Lagrangian optimization 

         in equation (2.9) is convex or strictly quasi-convex with respect to    for a given   

[75].  
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APPENDIX B 
 

PROOF OF EQUATIONS (2.10)–(2.13)  
 
 

 It is observed that        from equation (A.13) in Appendix A, which is written as 

      
    

 

   
. (B.1) 

Hence, using equation (B.1),          can be obtained as 

          
    

 

  
. (B.2) 

Using equation (B.2), the optimal    in equation (A.8) can be rewritten as  

            
   

    
   (B.3) 

where       
        

   
     

  

. Using equations (A.7), (B.1), and (B.3), the explicit 

optimal equalization scaling factor    can be obtained as  

       
    

  

       
   

       

 
    

      
   

     

 . (B.4) 

Hence, using equations (B.2) and (B.4), the explicitly optimal Lagrangian multiplier     can be 

written as 

       
    

   
 

  
         

   
       

 
    

      
   

     
 
 . (B.5) 

Finally, substituting equation (B.4) into equation (B.3), the explicit optimal    for the 

cooperative distributed AF MIMO wireless relay network under TPC can be written as  

     
    

   
    

  
   

        
   

       

 
    

      
   

     

 
. (B.6) 

In addition, the i-th entry    of the diagonal weight matrix                 is obtained from 

        
         

   (B.7) 
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where    is the received signal at the i-th relay and can be written as  

               
 
       . (B.8) 

Hence, using equation (B.7),     can be written as 

        
   
 

  
 
 
 

 
. (B.9) 
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APPENDIX C 
 

PROOF OF EQUATIONS (2.27) AND (2.28) 
 
 

 Similar to the case of the MMSE criterion, the constrained Lagrangian optimization 

           in equation (2.26) can be written as 

                   
       

   
                                     

                                          
         

    
             

      
            . (C.1) 

The derivative of            in equation (C.1) with respect to      results in 

            

    
              

           
      

            
     

                                            
   

     . (C.2) 

Similar to equation (A.5),        
  

   
           

   

   
        

       

   
   are used. Hence, 

equation (C.2) can be simplified as 

             
             =     

   
 .  (C.3) 

As shown in equation (C.3), it is not easy to find a feasible solution for     because there is the 

term    
  inside   , where           

     
    

  
, as defined in equation (2.14). To avoid 

this issue, similar to the work of Joung and Sayed [79], using the scaling factor    , the     can 

be rewritten as 

            .  (C.4) 

Hence, using equation (C.4), the modified constrained Lagrangian optimization                 

can be written as 
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The partial derivatives of                  in equation (C.5) with respect to           , and     

can be written, respectively, as  
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To determine    , using equation (C.8), equation (C.7) is simply rewritten as  

                   

    
     

         . (C.9) 

From equation (C.9), it is clearly observed that     can be 0 because       and     . 

Hence, using equation (C.6),      can be written as  

         
   

     (C.10) 

where                          is either a left or square matrix, ie.,    , and    

                      is a right matrix, i.e.,    . Using equations (C.8) and (C.10), the 

optimal    
  can be obtained as  

     
   

  

     
  

 

 
    

    
   

  
 

 . (C.11) 

Finally, using equation (C.11), the optimal    
  for the cooperative AF MIMO wireless relay 

network under TPC based on the ZF criterion can be expressed as 

     
  

  
   

       

      
  

 

 
    

    
   

  
 

 
. (C.12)  
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PROOF OF EQUATIONS (5.13)–(5.18) 
 
 

 From equation (5.12), there are ten conditions of optimality:      
   

   
     

   
    

     

   
  

  
     

    
   

     

    
   

     

    
   

     

    
   

     

   
   

     

   
    and      

   
  , with linear and 

nonlinear properties of the complex vector derivative [81], and the cyclic permutation and 

linearity of the trace function. They can be simplified with the notation  ‘ ’ , meaning ‘implies,’ 

respectively, as 
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 are used. In addition,    

    

   
         

   

   
        

     

   
   are 

used. Using equation (D.1), the     relay amplifying column vector f can be written as   

              
  
  . (D.11) 

As shown in equation (D.11), determining the Lagrangian multiplier    is a formidable task, due 

to the matrix inversion in equation (D.11). Therefore, to obtain the optimal   , we introduce a 

positive scalar   as 

                  (D.12) 

which is the key to determining the optimal   
  inside the matrix inversion in equation (D.11). 

Hence, using equations (D.11) and (D.12),   is chosen as 

                     (D.13) 

where          [96]. Using the fact that                 when             , another 

              can be written, combining equations (D.9) and (D.10), as 

                  
   

        
     

   
        

 . (D.14) 

Comparing equation (D.13) with equation (D.14) and using equation (5.18), the optimal   
  can 

be written as 

    
  

   
   

      
     

   
      

 

  
. (D.15) 

Substituting equation (D.15) into equation (D.11), the optimal relay amplifying column vector    

can be written, using equation (D.8) and         , as 
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 (D.16) 

where             .  Similarly, due to the matrix inversion in equations (D.2) and (D.3), to 

determine the Lagrangian multipliers     and     is an intimidating task. However, following the 

same procedures as for    using equations (D.6) and (D.7), the optimal    
  and    

  can be written, 

respectively as  
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Using equations (D.2) and (D.3), and Woodbury’s identity, i.e.,               

                     [82], the optimal   
  and   

  can be written as 
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Similar to deriving the optimal   , using the matrix inversion lemma, equation (D.4), and 

equation (D.5), the optimal    
  and    

  can be written as 

     
  

  
   

  

    
   

    
 (D.21) 

     
  

  
   

  

    
   

    
. (D.22) 

Replacing    
  with   

    
  and    

  with   
    

 , respectively, the optimal solution 

      
    

    
    

     
     

    
   of      in equation (5.12) for the two-way AF beamforming 

distributed relay network under the transmit power constraints at the source and the relays can be 
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written, respectively, as 
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where      
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